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Optimal Control of Decoupling Point for Deteriorating Food with Time-Varying Demand
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Abstract: The position of decoupling point denotes the penetration degree of customer demand into supply chain.
To optimize the performance of deteriorating food supply chain, we consider the decoupling point control in
conjunction with food production and inventory management under time-varying demand over a finite time horizon.
Using dynamic models, optimal position of decoupling point and production-inventory plan are simultaneously
determined. The results show that the optimal decoupling point is not related to the change of food demand under
zero-inventory policy and it is a monotonically ascending function of demand rate under production smoothing
policy. The simulation illustrates a diagram depicting that the optimal decoupling point shifts to the upstream
suppliers along with the increase of food deteriorating rate while shifts downstream to the end customers with the

growth of the time elasticity of food demand.
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INTRODUCTION

In the last decade, the market for fresh foods has
continued to expand (Taylor ef al., 2012; Qin et al.,
2014). The demand for seasonal and exotic fruits and
vegetables has increased rapidly and trade with fresh
produce is more and more international (Kirezieva
et al., 2015). On the other hand, the foods can easily
spoil or deteriorate, which often results in product loss
as well as economic loss. It is estimated that as much as
25-30% of perishable food production is wasted
(Coulomb, 2008; Stonehouse and Evans, 2015). In the
food supply chain, manufacturer and retailer have to
manage their productions and inventories with full
consideration of deterioration (Zhang et al., 2015;
Chebolu-Subramanian and Gaukler, 2015). Thus, how
to design a production and inventory system for fresh
foods to decrease cost and meet customer requirements
are a current managerial concern as well as an
important research issue.

In order to get such an optimal strategy for
deteriorating food supply chain, the concept of
decoupling point is necessary. A Decoupling Point (DP)
is a push-pull boundary to separates the forecast-driven
activities from order-driven the activities (Jeong, 2011).
From the upstream of the supply chain to the
decoupling point, the production is scheduled based on
the demand forecast which is a push strategy;
meanwhile, from the decoupling point to the end
customers, the supply chain operations are driven by
the customer orders rather than forecasts which is a pull
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Fig. 1: Feasible position of a decoupling point in food supply
chain

strategy (Olhager, 2003). So the position of decoupling
point indicates how deeply the customer order
penetrates into the goods flow (Van Donk, 2001). As
shown in Fig. 1, the feasible positions of the decoupling
point exist on any stage of the food supply chain.
Recently, many researches especially mathematic
approaches are focused on decoupling point control as
well as deteriorating supply chain management.
Viswanadham and Raghavan (2000) proposed a Petri
nets model for decoupling point design and performed a
simulation based on generalized stochastic Petri nets to
minimize the sum of inventory carrying cost and the
delayed delivery cost. Soman et al. (2004) proposed a
comprehensive hierarchical planning framework that
covers the important production management decisions
to serve as a starting point for evaluation and further
research on the planning system for MTO-MTS
situations. Gupta and Benjaafa (2004) developed
models to compute the costs and benefits of delaying
differentiation in series production systems when the
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order lead times are load dependent. Sun et al. (2008)
proposed a mathematical model which subject to
satisfying customer delivery time. Since customers are
usually sensitive to quality changes of fresh produce
and foods, the time-varying demand rate is more
realistic (Hsieh and Dye, 2013). Bai and Kendall (2008)
formulated an inventory model for fresh produce, where
demand rate is assumed to be dependent on the
displayed inventory and the freshness of an item. Choi
et al. (2005) proposed a novel optimization algorithmic
framework based on stochastic dynamic programming
to solve the decoupling point under demand
uncertainty. Jolai et al. (2006) presented an
optimization framework for a perishable item that
follows a two-parameter Weibull distribution to derive
optimal production over a fixed planning horizon with a
stock-dependent demand rate. Chang (2014) addressed
the integrated production and inventory problem for
deteriorating items in a two-echelon supply chain with a
goal to minimize the total cost of the entire supply
chain. Qin ef al. (2014) considered the production and
lot-sizing problem for fresh foods with quality and
physical quantity deteriorating simultaneously, in which
the demand rate is assumed to be deterministic and
dependent on the quality of an item, the selling price
per unit and the on-display stock level.

Most of the previous researches assume that the
decoupling point is the unique decision variable, or
hinge on considering a static or steady state equilibrium
of deterioration supply chains. However, the
optimization of food supply chain should take account
of production and inventory police and other operation
activities simultaneously and the nature of the problem
is dynamic. In this study, we attack the optimal
decoupling point and production-inventory
management simultaneously for fresh foods with
deterioration rate and time-varying demand to minimize
the total cost. Using the optimal control theory, we
draw a closed form of the optimal solution based on the
proposed dynamic model. In addition, a detailed
application is discussed under zero-inventory policy
and production smoothing policy.

MATERIALS AND METHODS

Notations: The notations shown in Table 1 are used for
the mathematical formulation of the proposed model.

Assumptions: Consider a single fresh produce and the
food supply chain can be multiple stage. The
mathematical model of the optimization of decoupling
point problem is based on the following assumptions:

The planning horizon as well as the life cycle of
fresh food is assumed to be finite and is taken as ¢ time
units. The fresh foods are subject to deterioration at a
constant rate 6, where 0<6<1.

We assume that the initial production rate of a food
P, is the demand rate estimated by the production
planner. From ¢ = 0 to the decoupling point ¢ = T, the
production rate keeps as Py. When the production
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Table 1: Notations and parameters used in this paper

Notation  Description

T Decoupling point in food supply chain

T* The optimal decoupling point in food supply chain

Py Estimated demand rate (i.e., production rate) during the
pre-decoupling point

P(¢) A food production rate at time ¢ during the post-
decoupling point

@) The target food production rate at time ¢ during post-
decoupling point

t Length of the life cycle of fresh food, also represent the
planning horizon

D(t) Demand rate at time ¢

1(?) The inventory level of a food at time 7 during post-
decoupling point

i(t) The target inventory level of food at time ¢ during post-
decoupling point

% Constant deterioration rate of the fresh food

k Constant cost per unit deviation from target production
rate

h Constant cost per unit deviation from target inventory

level

during the pre-decoupling point is finished, the
inventory level would be /(L) = P,T, where L is the
throughout time of the food supply chain. Without loss
of generosity, we can shift the time axis so that 1 = L
becomes ¢ = 0. Then the problem transforms to the
optimization during the planning horizon ¢ € [0, 7] with
the initial inventory condition /(0) = P,T.

The model: The production at rate P(f) increases the
inventory level; meanwhile the demand at rate D(f) and
deterioration at rate >0 decreases the inventory level.
The change in the level of inventory is therefore given
by the following state equations:

I(t)=—0I(t)+ P(t)-D(t), I1(0)=1,=BT. (1)

In the terminology of optimal control theory, I(¢)
represent the state variables while the control variables
are P(t). In other words, we seek to find the optimal
production rate, which is the rate that minimizes some
performance index. Now, in order to build this
performance index, we assume that the firm has set the
following goals and penalties which are incurred for
each variable to deviate from its corresponding goal.
Denoting these penalties by h and k, the General
Dynamic Model (GEN) can be described as follows:

Y - -
mmJ:EJO L0 - 1) +kLP@) - PO)T i, o

st I(ty=—6I(t)+ P(t)-D(t),1(0)=1, = PT.

Optimal solution of the model: Denote the

Hamiltonian by:
1 N -
H = —h[1 =1 + k[P = PY + 2[-01 + P~ D],

where 4 is the adjoint variable. From the Pontryagin
Maximum Principle, we have:
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~h(I-1)+64, Alt;)=0, 3)

And:

OH

0=""c=k(P-P)+ 4" 4)
oP

From (4), when k£ # 0, we have P = —%,1 + P and

i:—M—%i+ﬁ—D-

Finding the optimal solutions to minimize the
objective (2) is equivalent to solving the following
differential equations:

. 1 .
[:—01—;l+P—D,[(O):[O (5)
A=—hl+0A+hl,A(t;)=0
Based on the first equation in (5), we have:
A i—a+p-D (©6)
k

Also, differentiating the first equation in (5), we get:
[=-61-00-27+P-D ™

From (5), (6) and (7), the optimal inventory rate
(optimal path) is a solution of the following Riccati
equation:

i+(92+%)1=9(0—13)—%1‘+15—[), 10)=1, (8)

The optimal co-state variables satisfy the following
equation:

,L4¢+%M+hd+ﬁ—ﬁ+DLMQﬁﬂ, ©)

And the optimal production rate (optimal control)
satisfies the following Riccati equation:

PP _ o b h g 10
yE =0 +k)(P P) k(1+01 P+ D), (10)

With:

P(0)=PF,, P(0)=0(P, - P(0)) + %(10 —ip+Po). (D)

For the Eq. (10) and (11) with initial value, the
optimal production rate can be expressed as:
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P=k eV 4 k,e +
R (12)
c (t)e "+c,(t)e” Va4 P,
And the optimal inventory rate is:
() =1,e"+ *@’j P(r)e”dr—e "fj D(r)e”dr
k,
=le —Br fr _ —0: + e at _e—Bz
A A I( )
+ e’e’I;[cl(r)eﬁ’ + cz(r)e’ﬁr +P(r)- D(r)e” 1dr
13)

where , _ g2 |

Las D by iy -
—2(1+\/g)(Po P(O))+2k\/;(lo 1(0)) = ¢,(0),

1

2

1 :I(_Z—e

(i +61 - P+ D))t

6 - h >
a _ﬁ)(% - P(0)) - m(lo —1(0)) = ¢,(0),
(14)
’ﬁf(f +0I-P+ D))dt,
(15)

Let J = J(T) be the optimal objective function for
the control problem that minimizes the objective J of
(2) with constant deterioration rate and then J(7) can be
differentiated as follows:

7_j’f{ + k[P P]—}dt (16)
Notice that:
o _ kR el f) (17)
T 2ka O0+a 0-a
oP _ hR, . o
l‘ at‘ (18)
oT 2kf (e )

From &/ _ 0> we get the optimal decoupling point:
oT

2\a
(\/5—9)62\/;’ _

(a +0)e ™ 120
~(Ja+0)1, _ e(«/Efe)t,)

1+
_1(0)
F

*

(e

’
31,'|.|'

= = - .
Na -8 ™ —(a+ie ™™ +26]
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RESULTS AND DISCUSSION

In spite of obtaining the analytical solution for the
optimal decoupling point and the target settings of
production and inventory rate, the expression is too
complicated to obtain directly implication values. With
a focus on the application of the optimal solutions, in
the following section, we further analyze two different
production policies sampled by zero-inventory policy
and production smoothing policy.

Optimal solution for GEN under zero-inventory
policy: An important issue in the proposed GEN model
is the determination of the target production rate and
the target inventory level which are highly dependent
on the planning policy. In this section, we derive the
optimal time path of the production rate, inventory level
and the optimal position of the decoupling point in
closed forms under zero-inventory strategy.

While applying zero-inventory policy, in order not
to incur unnecessary inventory, the production does not
start until the initial inventory is exhausted which is
produced during the pre-decoupling stage. When the
inventory level drops to zero, the production rate
follows the exact form of the demand rate which will
cause no inventory. One possible setting for zero-
inventory policy is as follows:

J=0and P=D
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The ideal production rate is the demand rate so that
it cannot produce unnecessary inventory. The target
inventory level could be zero which is the ideal
inventory level.

Proposition 1: From (15) we can obtain that when ¢ =
0, there conducted:

6(0)=¢,(0)=0

With [ = Oandf) =D, the optimal production and
inventory rate can be derived from (12) and (13) as
follows:

P=ke' +hke V" +D(1), (19)
1) = Le ™ +—F (¥ _ e
0+a (20)
kz —Jat —or

+ e —e),

6—a ( )

where,

= l(1 +—=)(F, - D)) +——F— h I,

"2 f kJE " @n
P

1= —poy-—"_1
(\/5)(0 (0)) eda

2

Hence, the first derivate of J on T can be simplified
and the optimal decoupling point can be calculated by

oJ

setting & _ y, that is:

(2Va — )V +

D(0)- P, (2\a +0)e ™" —4a
Py 2Ja(Na—@)er
~(a+0)e P 1 20)

(22)

s

T =

From the above equations, it indicate that the
optimal decoupling point and optimal inventory level
are only depend on initial value of demand, whereas the
optimal production rate is closely related to the changes
of demand.

Corollary 1: When # = 0 and ], P, D are assumed to be

constant value, from Eq. (22), the optimal decoupling
point can be determined as follows:

*

(D P)( + -2 h/t,)

2Nhlkt, —2/1/1
1/ (e - )

_1
2
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This implies that when ignoring the deterioration While 6 = 0:
rate, the optimal decoupling point exists under zero-

inventory policy when the demand rate is oJ 1, toa
underestimated during the pre-decoupling stage that is E:P h(PTt, +5P 7 _L Do), —t)dt _L 1)),
Py<D(0). 27)
Optimal solution for GEN under the production With ¢, the optimal decoupling point can be

orT

smoothing policy: Production smoothing refers to the expressed as follows:

phenomena in which if firms face a cost to drastically

change production levels and when those costs exceed , oo

inventory holding cost, inventory should be used to zj /D(t)(tf —t)dt+2'[ ! I(t)dt—Pt;
T* —__J0 0

smooth production. Stated differently, production (28)
smoothing is the decrease in standard deviation of 2Ptf
orders as one moves-up the supply chain.

One possible setting of the target production rate Proposition 2 shows that the consideration of
and the target inventory level for production smoothing  deterjoration rate of foods is critical to the optimal
policy is as follows: position of decoupling point. If the deterioration rate

. was ignored and assumed to be zero in foods supply

P(t)= P= Pyand 1 >0 chain management, the decision is not optimal to

minimize the entire cost.

Then the penalty term for the deviation from the .
target production rate is eliminated from the GEN Corollary 2: When =0 and /, P, D are set as constant

model and a new dynamic model can be developed as  values, under the production smoothing policy, Eq. (28)

follows: can be expressed as follows:
. Loy SN2 7 _ —
min./ = [ wio-1eyra, 23) 7 21 -(F, - D), 29)
st I(t)=—6I(t)+ P—DXt). 2R,

Using the same logic, the optimal inventory level It is obvious that (62J/8T2) =2kt (K, —D)>0if

can be determined as follows: and only if Py>D.
) Corollary 2 implies that the decoupling point
I(t)y=1T,e" + e””J'O (P-D(r))e”dr (24) satisfying Eq. (29) is global optimal if and only if P¢>D.
. It also indicates that under these circumstances, the
=PTe " +e” IO (P-D(r))e”dr. overestimation of the demand rate P, during the pre-

decoupling stage guarantees the existence of the
Proposition 2: When 6 # 0, the first derivate of Jon 7 optimal decoupling point under the production

can be expressed as: smoothing policy.
aJ i ~ ol Proposition 3: When D(f) = D, which means the
7 _[0 I =1) = dt demand rate D is varying without time, the Eq. (26) can

P p 25) be formalized as follows:
-2 (PT(1—¢"" )+ 5 (+e”" =27

E 26k, =0,
+ [0 D@ (@ —eyde—20[ " 1) "dr ). 0 (1 te 2e )+

t, te A
. D j T (e — et - 20 j " i (e dt
Under the condition of &/ -0, the optimal T = 0 = 0
oT P(ei ! — 1)
decoupling point is as follows: (30)

The first derivative of 7 on D can be calculated as:
P ~201, -o1,
—(1 +e - 2e )+

01/ 20t aT* - 6_6[/ >0
ot - -20t =
jo D(t)e” (e 2" — e ")t oD Pe(e_a, +1)
—20[ " [(t)e " di N o _
T" = 0 - (26) Proposition 3 implies that when demand rate is
P(e_ o 1) constant, the optimal position of decoupling point is
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monotonically an ascending function of demand. The
increase of demand rate shifts the optimal decoupling
point forward to the end customers with the purpose to
find a balance between the inventory costs and the
profits of customer order fulfillment. When confronting
a huge demand, the forward shifting contribute to
decrease the customer satisfaction lead time.

When the demand rate varies with time, we set
D(t) = (a — B&)e™ in (26) with 57 # 0 as a time-varying
demand, where a, B are constant and >0, >0. a-BE>0
is a rational assumption since the demand rate is non-
negative. The basic demand rate D(¢) = (a — 5&)e™ is
a linearly decreasing function of the price ¢ and
decreases (increases) exponentially with time when n>0
(m<0). Given a different 1, which can be either positive
or negative, this form can represent most cases where
demand is time-varying.

Proposition 4: When D(¢) = (a
Eq. (26) we can carry out that:

— f&)e™, by solving

T =

g(1+e_29tf—2_9tf)+(a—,8§) f(ffe"feef(e‘wt)dt—zef(ffi(e‘etdt)
p(e™?%f-1)

Hence:

a— 'B'fl)j te" ‘9’( 29’-"—(3‘29t)aft<0.

( 20t

700
—+— Production rate
600 —&A— Targetproduction rate

500

Pit)

400

t

(a) Path of production rate

Proposition 4 implies that under this condition, the
optimal position of decoupling point is monotonically
increasing with the growth of the time elasticity of
demand n. It indicates that when the changes of demand
rate increase rapidly (decrease tardily) with time, the
decoupling point moves downstream to the end
customers. In detail, when n>0, the growth of n
illustrates a sharply increase of demand with time, a
large amount of inventory should be stocked to meet
the next customer demand which pushes the decoupling
point forward shifting. Otherwise if n<0, the increase of
n means the weak of attenuation, especially when n—-
0, the demand doesn’t decay with time, under certain
conditions, the demand is known and fixed, the
decoupling point should move as close as possible to
end customers to improve the response speed.

Numerical experiment: It is always worth
investigating the sensitivity of the optimal solution
changes in the system parameters. In our case, the
deterioration rate of foods is our main concern and the
impact of the time elasticity of demand n is under
consideration. We are also interested in the optimal
path of inventory and production rate. This section
presents two cases where the results are illustrated
under zero-inventory policy and production smoothing
policy. The simulation is run in MATLAB to illustrate a
diagram depicting for the optimal solutions.

Example 1: Employed the zero-inventory policy, the
values of the following parameters are set as: h = 1
($/unit/year), k = 2.5 ($/unit/year), P, = 180
(units/year), Iy = 50 (units/year), 6 = 0.3, t; = 4 (years),
D(0) = 200 (units/year), the demand rate D(t) = 200e™,
n=0.28.

Figure 2 illustrates the optimal time path of food
production rate and inventory level as well as the
variations from target settings under zero-inventory

504
—+— inventory level
40 —&A— target inventory level
30
=
ey
20
10

(b) Path of inventory level

Fig. 2: The optimal production rate and inventory level for food with constant deterioration rate under the zero-inventory policy
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Fig. 3: The relationship between 7* and 6 with the

consideration of 1 under production smoothing policy

policy. Figure 2a shows the convergence of the optimal
production rate toward the target production rate. A
similar convergence is depicted in Fig. 2b for the
optimal inventory towards the inventory goal level.

Example 2: Adopting the production smoothing policy,
to depict the impact of food deteriorating rate 6 on the
optimal decoupling point T* while considering the time
elasticity of demand n, the following parameters are
taken in appropriate units: D(¢) = (o — BE)e™ , o = 200,
p =4, ¢=20 ($/unit), = 0.86, 0.92, 098, ¢, = 4
(years), P(f) = P = 500 (units/year), f(t):f:lSO
(units/year).

Figure 3 denotes that under the production
smoothing policy, the optimal decoupling point
decreases with the growth of food deterioration rate
while increases with the time elasticity of market
demand. The derived tendencies in Fig. 3 are in
accordance with practical operational manners. The
growth of deteriorating rate is always led to an
ascendance in food inventory loss. The optimal
decoupling point shifts backward to the upstream to
condense the length of inventory and reduce the
deteriorating cost. Additionally, it also demonstrates
that when demand varies with time, the growth of #
pushes the optimal decoupling point forward to end
customers so that the speed of customer responding can
be improved.

CONCLUSION

The study propose a dynamic model for
deteriorating food supply chain to simultaneously
determine the optimal position of decoupling point and
production-inventory plan under time-varying demand.
The analytical results show that their existing the
unique optimal decoupling point. And analyses indicate
that under zero-inventory policy, the optimal
decoupling point of fresh food supply chain and the
inventory level are independent on the changes of
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demand rate while the optimal production rate is
influenced timely by food demand variation. The
corresponding numerical simulations indicate a
convergence of optimal path of food production rate
and inventory level toward target values. Meanwhile
under the production smoothing policy, the optimal
decoupling point is monotonically an ascending
function of market demand. The increase (decrease) of
food demand rate shifts the optimal decoupling point
forward (backward) to the end customers. The
simulation also illustrates that the optimal decoupling
point shifts upstream with the increase of deterioration
rate while shifts downstream with the growth of the
time elasticity of demand.

ACKNOWLEDGMENT

The authors thank the anonymous referees and the
editor for their careful reading and comments on this
study. This research is supported by the National
Natural Science Foundation of China (No. 71272209)
and Humanity and Social Science Foundation of
Ministry of Education of China (No. 12YJA630170)
and the National Natural Science Foundation of Hunan
Province (NO. 12JJ3081), Universities Special
Research Foundation of Central (No. 11HDSK306).

REFERENCES

Bai, R. and G. Kendall, 2008. A model for fresh
produce shelf-life allocation and inventory
management with freshness-condition-dependent
demand. INFORMS J. Comput., 20(1): 78-85.

Chang, H.C., 2014. An analysis of production-
inventory models with deteriorating items in a two-
echelon supply chain. Appl. Mathe. Modell., 38(3):
1187-1191.

Chebolu-Subramanian, V. and G.M. Gaukler, 2015.
Product contamination in a multi-stage food supply
chain. Euro. J. Operat. Res., 244(1): 164-175.

Choi, J., M.J. Realff and J.H. Lee, 2005. Stochastic
dynamic programming with localized cost-to-go
approximators: Application to large scale supply
chain management under demand uncertainty.
Chem. Eng. Res. Design, 83(6): 752-758.

Coulomb, D., 2008. Refrigeration and cold chain
serving the global food industry and creating a
better future: Two key IIR challenges for improved
health and environment. Trends Food Sci.
Technol., 19(8): 413-417.

Gupta, D. and S. Benjaafar, 2004. Make-to-order,
make-to-stock, or delay product differentiation? A
common framework for modeling and analysis. IIE
Trans., 36(6): 529-546.

Hsieh, T.P. and C.Y. Dye, 2013. A production-
inventory model incorporating the effect of
preservation technology investment when demand
is fluctuating with time. J. Comput. Appl. Mathe.,
239(2013): 25-36.



Adv. J. Food Sci. Technol., 10(10): 742-749, 2016

Jeong, 1.J., 2011. A dynamic model for the optimization
of decoupling point and production planning in a
supply chain. Int. J. Prod. Econ., 131(2): 561-567.

Jolai, F., R. Tavakkoli-Moghaddam, M. Rabbani and
M.R. Sadoughian, 2006. An economic production
lot size model with deteriorating items, stock-

dependent demand, inflation and partial
backlogging. Appl. Mathe. Comput., 181(1):
380-389.

Kirezieva, K., P.A. Luning, L. Jacxsens and et al.,
2015. Factors affecting the status of food safety
management systems in the global fresh produce
chain. Food Control, 52(2015): 85-97.

Olhager, J., 2003. Strategic positioning of the order
penetration point. Int. J. Prod. Econ., 85(3):
319-329.

Qin, Y.Y., J.J. Wang and C.M. Wei, 2014. Joint pricing
and inventory control for fresh produce and foods
with quality and physical quantity deteriorating
simultaneously. Int. J. Prod. Econ., 152(2014):
42-48.

749

Soman, C.A., D.P. Van Donk and G. Gaalman, 2004.
Combined make-to-order and make-to-stock in a
food production system. Int. J. Prod. Econ., 90(2):
223-235.

Stonehouse, G.G. and J.A. Evans, 2015. The use of
supercooling for fresh foods: A review. J. Food
Eng., 148(2015): 74-79.

Sun, X.Y., P. Ji, LY. Sun and Y.L. Wang, 2008.
Positioning multiple decoupling points in a supply
network. Int. J. Prod. Econ., 113(2): 943-956.

Taylor, S., R.L. Shewfelt and S.E. Prussia,
2012. Postharvest handling: A systems approach.
Academic Press, New York.

Viswanadham, N. and N.R.S. Raghavan, 2000.
Performance analysis and design of supply chains:
A Petri net approach. J. Operat. Res. Soc.,
51(2000): 1158-1169.

Zhang, J.X., G.W. Liu, Q. Zhang and Z. Bai, 2015.
Coordinating a supply chain for deteriorating items
with a revenue sharing and cooperative investment
contract. Omega, 56(2015): 37-49.



