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Abstract: In this study, our aim is to explore Fuzzy Autocatalytic Set (FACS) of fuzzy graph Type-3 particularly on
the structures of normed spaces and its relations to cycles in FACS. Several new notions namely FT3-fuzzy detour
cycles of FACS, a FT3-cycle space of FACS as a vector space and normed space of FACS of fuzzy graph Type-3
are presented in this study. These notions are implemented in a modeling of an incineration process.
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INTRODUCTION

Fuzzy set theory was proposed by Zadeh (1965)
and it has been employed in mathematical modelling of
some systems. In Rosenfeld (1975) defined the basic
structure of fuzzy graph. The modelling of clinical
waste incineration process in Malacca is one of
many applications of fuzzy graph (Sabariah, 2005;
Tabhir et al., 2010).

The concept of an Autocatalytic Set (ACS) was
introduced by Jain and Krishna (1998, 2003).
Nevertheless, ACS was insufficient to explain the
incineration process (Sabariah ef al., 2009) as presented
in Fig. 1. Therefore, an integration of fuzzy graph into
ACS was finally inspired to produce a new concept
known as Fuzzy Autocatalytic Set (FACS) and shown
to be a better in explaining the incineration process
(Tahir et al., 2010). Six main variables specified in the
process were modelled as vertices (nodes) and the
catalytic relationships were presented as edges (links).

In this study, we focus on the study of FACS of
fuzzy graph Type-3 from a viewpoint of normed space
and cycles in FACS. A new concept namely normed
space of FACS of fuzzy graph Type-3 is defined and
implemented in the modelling of the incineration
process. A cycle in FACS of fuzzy graph Type-3 and a
fuzzy detour cycle are defined. The study has yielded a
notion called FT3-cycle space of FACS as a vector
space over {0,1}/El whereby |E| is number of its edges.
This notion offers a useful method for constructing
normed space of FACS. Finally, these new notions are
used to introduce a FT3-cycle space associated with a
graph of FACS for the incineration process.

Fig. 1: Crisp graph DG(V,E) for the incineration process
where V,: Waste, V,: Fuel, V;: Oxygen, V,4: Carbon
Dioxide, Vs: Carbon Monoxide, Vg Other gases
including water (Sabariah et al., 2009)

PRELIMINARIES

Some mathematical concepts and terminologies
that are needed in this study are reviewed. Fuzzy graph
has become a diverse and expanding field. A directed
graph DG (V, E) is defined by a relation E € V X V on a
set IV where VV denotes the set of vertices and E denotes
the set of its edges (Epp, 1995). A directed graph is also
called a crisp graph if all the values of edges are 1 or 0
and it is called a fuzzy graph if its values are between 0
and 1. In other words, a fuzzy graph is DG (o, 1) with a
vertex set I/ as the underlying set with a pair of
functions such that o:V — [0,1] and w:V X V -
[0,1] is a fuzzy relation on V with u(u,v)<
o) aoc (v) forallu,v € Vand o(u) A a(v) denotes
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Fig. 2: Fuzzy head and tail of the edge e;

Fig. 3: FACS of fuzzy graph Type-3 DG(V, E(u(e;))) for the
incineration process (Tahir et al., 2010)

the minimum of o(u) and o(v) (Rosenfeld, 1975). A
path  p:v; = vo,V1,V5,...,Up_1,Vp = V; from a vertex
v;to a vertex v; in a fuzzy graph if its sequence of
distinct vertices and edges starting from v; and ending
at vj such that the membership value u((vg—1,vx)) >
Ofor k=1,---,n If v;and v; coincide in a path then
we call p as a cycle. Note that the underlying crisp
graph of the fuzzy graph DG(o,p) is referred to
DG(V,E).

Furthermore, Tahir et al. (2010) formalized five
types of fuzzy graphs that were given by Blue et al.
(1997; 2002) into one definition of fuzzy graph and any
of the five features could be considered as fuzzy graph.
They found that Type-3 is to be the most convenient for
the assignment of improving the model of the
incineration process as explained in Sabariah et al.
(2009). The fuzzy graph of this type consists of known
vertices and edges, but unknown edge connectivity i.e.
the edge has fuzzy head and tail (Fig. 2). These notions
namely fuzzy, graph and Autocatalytic Set (ACS) are
integrated to formulate the mathematical model of the
clinical incineration process. The formal definition of
FACS is given as follows: Fuzzy Autocatalytic Set
(FACS) is a subgraph where each of whose nodes has at
least one incoming link with membership value u(e; )
€ (0,1],V e; € E (Tahir et al., 2010).

The membership values for the incineration
process in Tahir et al. (2010) are determined through
the chemical reactions taken place between six
variables that have major influences in the clinical
waste incinerator, namely waste (v;), fuel (v,), oxygen
(v3), carbon dioxide (v,), carbon monoxide (vg) and
other gases including water (vg). From the explanation
given in Sabariah et al. (2009) and Tahir et al. (2010)
pertaining to the construction of FACS of fuzzy graph
of Type-3 for the incineration process, the graph is
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presented as in Fig. 3. Aforementioned, Fig. 3 is a fuzzy
graphical for the model of the incineration process with
6 variables and 15 edges which based on the catalytic
relationship between the variables. Thus, V =
{v1, V3, V3,04, Vs, U6} is the set of vertices and E is the
set of edges where E = {e; = (v, v,.):s,7r = 1,2, ,6}
fors # r and i = 1,2,---,15. Hence, fifteen edges are
the connection between these variables in the process
and the membership values of each fuzzy connectivity
of edge e; are given as follows:

u(er) = u((vy,v2)) = 0.00001,
n(eg) = u((vs,v1)) = 0.06529,
u(ez) = u((vy,v3)) = 0.15615,
p(ero) = u((vs, vy)) = 0.63563,
p(es) = u((vy,v4)) = 0.51632,
p(er1) = u((vs, v5)) = 0.00002,
n(es) = u((vy, v5)) = 0.00001,
t(erz) = u((vs, ve)) = 0.29906,
p(es) = u((vy, v6)) = 032752,
p(e13) = u((vy, v6)) = 0.00001,
1(es) = u((v2, v4)) = 0.68004,
pers) = u((ws,v4)) = 0.99999,
n(e7) = u((vz,vs)) = 0.00001,
uless) = u((Ve, vy)) = 0.13401.
n(eg) = u((vy, v6)) = 0.31995,

Umilkeram and Tahir (2014) introduced the concept
of fuzzy detour FT3-distance between vertices in FACS
by establishing the FT3-length of any fuzzy detour path
between two distinct vertices in FACS. Now, we look at
a fuzzy detour as above-mentioned in a more systematic
way. A cycle in FACS of fuzzy graph Type-3 which will
call FT3-cycle of FACS is categorized by this detour.
This notion produces a new type of normed space for
FACS.

RESULTS AND DISCUSSION

FT3-fuzzy detour cycles of FACS: A cycle in a fuzzy
digraph is a directed closed path of its vertices such that
each edge and each vertex (except starting point) is
visited only once. The FT3-cycle of FACS and the FT3-
fuzzy detour cycle of FACS through the specific length
of a cycle in FACS are introduced in the following
definitions, respectively.

Definition 1: Let DGgpr3(V,E) be a FACS of fuzzy
graph Type-3. The FT3-cycle C¢) ¢, ., is a closed path

of distinct vertices vy,vq, . . .,U, (except vy = v,) such
that the membership value u((vi_q,vy)) = u(ey) >
0, 1<k<n, for each fuzzy edge connectivity
ex € E of FACS and »n is the number of edges in this
cycle. The length of FT3-cycle |Cg‘1'ez'___'e11 |in FACS is
cn | n 1

| 1.62,..6n k=1 4(r-1 20))

n 1 1 1
- = et such that each
K=1uter)  mlen) | hlex) uleq) Do S8

edge in this cycle is traversed in the right direction

(Fig. 4).

calculated by
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Fig. 5: FT3-fuzzy detour cycle Cg; in FACS

Definition 2: Let n be the number of all edges in the
FT3-cycle containing an edge e, in FACS. A length of
FT3-cycle containing the edge e, € E with n, denoted
by |Ce"k|, in FACS of fuzzy graph Type-3 is defined as
the maximum length of any FT3-cycle that goes
through the edge ej with the number of all edges in
these FT3-cycles is the same and equal to n. A FT3-
cycle containing the edge e of length |C§‘k|is called
FT3-fuzzy detour cycle Cg, such that |C,§‘k| =

1
2t e
Figure 5 illustrates the FT3-fuzzy detour cycle Cg,
that contained the edge ej, with length |Ce"k| as follows.
Notice that €7 is one of the two FT3-cycles
Ce, es 65, een> Cgll.ez"e3’,_”'ek,m,en that contains edge
e, with the number of all edges in these FT3-cycles is
equal to n. The lengths of these FT3-cycles are given in
the following:

_ 1
u(er)

1

1
+ -+
u(ez)

wes)

n
Cel €2.e3  €k..en
1 1
ulex) u(en)
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And,
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1

|Ce, :
u(ey)
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1

wlew
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Therefore, by Definition 2, the FT3-fuzzy detour
cycle Cg, containing the edge ey is one of these FT3-

cycles where its length |C§k| is defined as:

n j—
|Cek -

n n
max {|Ce1_ez‘e3_m_ek,..,_en | ’ |Ce1_ezre3rm €k....en |}
1

- Z(eiecgk) uiep)

It is worth noted in the above definitions that the
starting point of a path of a FT3-cycle Cg, ., ,and a

FT3-fuzzy detour cycle Cg, in FACS is not determined.

Vector space and FACS of fuzzy graph type-3: Let
DGpr3(V,E) be a graph of FACS of fuzzy graph Type-
3 with |V| is the number of vertices and |E| is the
number of edges. One can associate the vector space of
all FT3-fuzzy detour cycles and edge-disjoint unions of
these cycles in FACS called the FT3-cycle space of
DGpr3(V, E) as presented in this section.

For construction this vector space, the process can
be explained in the following way. It begins with each
FT3-fuzzy detour cycle C¢,, whereby one can relate a
vector representation Egk € {0,1}fl, 1 < k < |E|, with
entries is equal to 1 if the edge e is in this cycle Cg, .
Clearly, its direction agrees with the direction of the
cycle C¢g, due to each edge in this cycle is traversed in
the right direction, (see Definition 1). Also, the entries
of (j;lk is equal to O if the edge ey is not part of the cycle
Ce,- In other words, each FT3-fuzzy detour cycle

Ce, has a vector representation in the form of

o
C€k = (C31: CEZJ T Cek' T CelEl)

CeyrCeyr** s Copr ™" Ceppy AIC equal to 1 or 0 and ¢, = 1.

with entries

Figure 6 serves as an example to explain the vector
representation Eg‘k of the FT3-fuzzy detour cycle Cg, in
FACS.

Consider a Fig. 6 in which a graph of FACS with
the number of vertices |V| = 6 and the number of edges
|E| = 8. Then, note that the FT3-fuzzy detour cycle Cg,
containing the edge e, can be written by Ce54 =
(e4, €5,€4,€2,€3). Hence, the vector representation of

C3, , denoted by CS., is as follows:

ey

~5
C€4 - (C91’ Ceyr Cezr Ceyr Cegr Cegr Ceyp Ces)
=(1,1,1,1,1,0,0,0)
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Fig. 6: Vector representation Cfe'; of FT3-fuzzy detour cycle
Cs. in FACS

While, the FT3-fuzzy detour cycle C§4 containing
the edge e, is CZ2, = (es es,€5€;) and the vector
representation of CZ, is 534 = (0,0,0,1,1,1,1,0).

Consequently, by all these vector representation
Egk € {0,1}Fl, the set of all FT3-fuzzy detour cycles
and edge-disjoint unions of these cycles in FACS can

be extended to form a vector space over {0,1}/f. The
FT3-cycle space of DGpr3(V, E) is given as follows.

Definition 3: For a graph DGpp5(V,E), let S¢c(DGprs)
denote the set of all FT3-fuzzy detour cycles and edge-
disjoint unions of these cycles in FACS and an empty
graph @ which means all vertices separate from each
other. Then, S;(DGprs) is called the FT3-cycle space of
D GF T3 (V' E ) .

It is appropriate to see again Fig. 6. It is evident
that the unions of edge-disjoint of C,f‘4 and Cg, entail the
set of edges A ={ey, ey, €3, €¢,€,}. As a matter of fact,
in term of the vector representation of these cycles, it
will have an addition modulo 2 such as the sum Ces4 and
534 is equal to (1,1,1,0,0,1,1,0) which means the set of
edges A in its vector representation.

Then, the next step is to consider So(DGpr3) as a
vector space over {0,1}/2]. The vector addition of two
FT3-fuzzy detour cycles Cg, , Cc}' in S¢(DGprs) is given
by symmetric difference:

Co, BC = (Ce, UCH\ (G5, NC )

The union or intersection of two FT3-fuzzy detour
cycles may fail to be FT3-fuzzy detour cycle. However,
the symmetric difference operator preserves the
character of being FT3-fuzzy detour cycles and edge-
disjoint unions of these cycles in FACS. Then,
Sc(DGprs) is closed under the operation of symmetric
difference. Thereby, a collection of sets closed under
this operation can be characterized algebraically as a
vector space_over Z, as shown in Theorem 1.
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Theorem 1 asserts that S-(DGpr3) under the sum
operation defined in Eq. (1) forms a vector space over
{0, 1} (with addition and multiplication modulo 2),
where a scalar multiplication [-] is given by:

1 C2 = Cg, and 0 [ C;, = @ for each
Cey, € Sc(DGprs), ® € Sc(DGprs) (2)
Theorem 1: The FT3-cycle space of DGpr3(V,E),
Sc(DGprs), is a vector space over {0, 1} (with addition
and multiplication modulo 2).

Proof: For given two FT3-fuzzy detour cycles Cg, , C;}

in Sc(DGpps), it is clear that the vector addition
namely, Cg, H Cg} = (€2, U CZ)\ (Cg, N CG)) is an
element in S¢(DGpp3). This element may be not FT3-
fuzzy detour cycle but is certainly unions of edge-
disjoint of the cycles Cg,,C;l. Then, Sc(DGprs) is
closed under the vector addition.

Furthermore, all following constraints of the vector
addition are verified for all Cg, , C¢' Cet]. inS¢(DGpr3).
Ce, B C5} = C, B Cg; i.e., the vector addition
is commutative. This is clear from definition of the
vector addition as given in Eq. (1).

(Cz. B CZ) B CL = CZ, B (CI B €L e, the
vector addition is associative.

Assume that €5} H C¢} is edge-disjoint unions of
these cycles Cg, ,C;} in FACS and denoted by
EcngE - Now, take again a vector addition of
€z, B ) and Cetj which, clearly, equal to
unions of edge-disjoint of (Cg, H Cg}) and Cef].
and denoted by E (cB, 8 eIyt which means

m rt
car, Cs, .

n

unions of edge-disjoint of cycles Cg, ,

In the right side of (2), assume that Cg' HH ng is
edge-disjoint unions of these cycles (g}, Cetj in FACS
and denoted by Ecg;EEng. Then, take again a vector
addition of Cg, and (C¢} H Cetj) which, evidently, equal
to unions of edge-disjoint of ¢, and (Cg/ H Cetj) and
denoted by E cB BT ECL) which also means unions of

edge-disjoint of  cycles Ce, » Co} Cet].; ie

E(célk H c;’;)aacgj = Ecgkaa(cg;aacgj)i

e Define @ is the empty graph which as the additive
identity element in S¢(DGprs), since €5, H @ =
€U\, NO)=C\D=C;, =0 H
Cey-

Each element in S.-(DGprs), there is the additive
inverse in S¢(DGprs), since Cg, H Cg, = @ if and
only if €7, = Cg, . Therefore, every element to be
its own negative.



Res. J. Appl. Sci. Eng. Technol., 12(5): 562-573, 2016

Now, consider the multiplication of vector by the
scalar 1 is the identity operation, 1[]Cg, = (¢, and
multiplication of vector by the scalar 0 takes every
element in S¢(DGprs) to the empty graph, 0 [ Cg, =
@, (see the scalar multiplication Eq. (2)). Then, clearly,
Sc(DGpps) is closed under scalar multiplication.
Moreover, the conditions of the scalar multiplication
are verified for all C2. , CZV, Céj in S¢(DGprs) and a,

ek’
any scalars in {0, 1}:

e ad(CLEACH)=(xOC)A@ETCL). It is
obvious that 1 (CRHECT)=C}BCN=
(1EC)BAECE) and 00 (C5 BCY) =
0=0HO=0DC)HEOIC).

(a+2 L CE = (aEDCE) B (BECE). Note
that A+, DRC,=0C =0=C; B
Co, =(AHCGOHADCG); A+, 0 HC =
106 =C, =C,Bo=0A0HC)H O
Ce); O+, DG =10HC, =C, =0H
Co,=(0HCHBAMCG); (0+,0)HC =
0C, =0=0H0=0OQRC)H)BHOM
Ce)-

(@, EC =al(BLECE). Observe that
1.pEc=pEC=10(BEC):;
0, ECE=00Cs=0=00(8ECE)
By definition of the scalar multiplication Eq. (2),
the multiplication of vector by the scalar 1 is the
identity operation, 1[]Cg = (g for each
Ce, € Sc(DGprs).

Then, Sc(DGgr3) is a vector space over {0, 1},
hence every element in S;(DGgr3) has a vector
representation in {0,1}/%!.

Thus, one can consider S;(DGrr3) as a vector
space over {0,1}/Fl. This show that the element
Ce, H CE} =EC$‘kEE e can be represented by an

element C;, +, Cg} = (Cel,Cez, 5 Cepr s Cey :"':Ce|E|)

in {0,1}¥! with addition modulo 2, for all vector
representations Cg, , Cg}' of the FT3-fuzzy detour cycles

n m 3 n n —
Ce, » Ce respectively and the element C; H Cc) = 1]
has also a vector representation
(Cel’ Cezl e, Cek’ .o, Cel , Ce|E|) =

(0,0,-++,0,++,0,-++,0).
At this position, it is evident that the notion of the
length of the element Cg, H Cc} = Ecng a in the

FT3-cycle space of DGpr3(V,E), Sc(DGprs),
implicitly defined as follows:

is

Definition 4: Suppose S;(DGpr3) is a vector space
over {0,1}l. Then, the length of the element Ce H
Co = EcngE n in Sc(DGppz) 1s computed by

|C;lk H C;ﬂ = |Ece"kaa c The

uie)’

- Z( eiEECngH Cg})
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summation signifies that the sum of the length of the

element €, HH C¢}' is the sum of length of unions of
edge-disjoint of FT3-fuzzy detour cycles (g, Cg)'.
Figure 7 illustrates the length of the element

Co, H Cef = Ecp gy in Sc(DGrra)-

In Fig. 7, it can be noted that
Co, = (e, e5,€3, € 1, €, en_q,€,) and CF =
(61,92,33’,”',61_1,61,"',em_l,em) s then: C;lk E

m —
Cel = EcngE Cg'll (63"”'ek—1! €k, 6n—1,€n, €37,

€—1ey, em-1, em)'
Therefore, by Definition 4:

1

|C§c i Cgll - |EC?I<EE Gl = wen T
Wleg-1)  k(er) ot . .
wens  wew T T Y we Tae T
L, 1y 1
ulem-1) = wlem)  “CEEEE mem) ucey

k

Normed space and FACS of fuzzy graph type-3: Let
DGpr3(V,E)be a FACS of fuzzy graph Type-3.
Suppose that Cg, is FT3-fuzzy detour cycle in FT3-
cycle space S;(DGgrz) which is a vector space over
{0,1}/21. Then, from Definition 2, Ce, has a length |C§k|
such that the cycle Cg, containing the edge e, with n is
the number of all edges in this cycle. Now, take another
cycle g} containing the edge e, with m and hence,
this cycle has a length |C§Z| By continuing the search
for FT3-fuzzy detour cycles containing the edge e, but
with different lengths, one can provide a useful method
for constructing novel normed space from a given
vector space in Theorem 1 with respect to the following
norm:
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I Cep Il = maxp—p ...y { | CC | }
= max {|C€2k|' |C€3k 2t |Cf!’V||}

k
It is clearly observed that the right side of Eq. (3) is
well defined as every FT3-fuzzy detour cycle has a
length and a norm of C,, is one of the maximum length

Cgk,Cgk,---,CJ,‘;l. It means that C,, is one of

these cycles CZ,C3,, Cl,zl, regardless of writing the
number of all edges in this cycle C, .

This shows that the concept of the norm of a vector
in the FT3-cycle space of DGpp3(V,E), Sc(DGpr3) is a
generalization of the concept of length in S¢(DGgr3).
Consequently, from Definition 4, the norm of the
element C,, HC,, = EcekEE Ce, in Sc(DGgr3) is given

€)

of cycles

’

as:

1
€i€Ec, @ C€z) uley)

I ey, B Ce, =1 Ec, mc,, 1= X )

The following interesting theorem reveals the
relationship between a normed space and a graph
DGpr3(V,E). In other words, a FT3-cycle space
of DGpr3(V, E) forms a normed space with the function
as presented by Eq. (3).

Theorem 2: Let S;(DGrr;) be a FT3-cycle space
of DGer3(V,E)  over  {0,1}Eland I C, II=
maxy—a ... vi{ [C5] } = max {|C5],1C2,1, -, |ce,'|} be
a real-valued function on S¢(DGpys). Then, S¢(DGprs)
is a normed space.

Proof: By Theorem 1, S;(DGpr3) is a vector space
over {0,1}/El. Tt requires to verify the following four
conditions of a norm:

Il Ce, =0 for all element C,, in Sc(DGprs),
since it is the maximum of nonnegative numbers.

Il C,, Il =0 if and only if C,, = @, since @ is the
empty graph which as the zero vector element in

Sc(DGprs3).
la@DC, = la| Il Ce, Il for all element C,, in

Sc(DGpps) and all scalars {0, 1} (with addition and
multiplication modulo 2) and note that I 1 [1 C,, |l

=1 Co 1= 111N Co I;  N10EC, I=10l=
0] 1l C,, Il

It is also noticed that the two congruence classes
modulo 2 are as follows:

=-5=-3=-1=1=3=5=7="--
(mod2) and - =—-6=—-4=-2=0=2=4=
6 = -+ (mod2)

Il Co, EHCe, <N Cep I +11 Ce, Il for all element
Cop> Co, in Sc(DGprs)-

ef>
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Assume that C,, H C,, is an edge-disjoint unions
of these cycles Ce,,C,, in FACS and denoted by
ECekE Ce,' Then, by the function given as in Eq. (4), the
norm of this element ECekEECel in Sc(DGpr3) is given

by:
1

” Cek Ea Cel ":" ECekEﬂ Cel " = Z(eieEcekEﬂ Cel)#(ei)
- 1 .
< Z(eiecek) wen Z(eiecel)#(—ei) (since [
—— ] is th f th f just
Z( ei€kc,, m Cel)#(ei) 1 is the sum of the norm of jus

unions of edge-disjoint of cycles C,,,Ce). = max
{leg il 1y + max {|cz]|c3) . |ca'l}
(by Definition 2 of FT3-fuzzy detour cycle Cg). =
Il Ce, I +1I Ce, Il. This complete the proof.

In fact, Theorem 2 entails that the notion of a
normed space with FACS can be constructed by this
FT3-cycle space S;(DGgr3) which is a vector space
over {0,1}f]. Furthermore, we can determine the basic
FT3-fuzzy detour cycles for each edge e, € E in FACS
but with its norm || C,, Il as in the following section.

IMPLEMENTATION

Implementation of FT3-cycles space of FACS to the
clinical incineration process: In this section, the
graphical representation of the incineration process in
Fig. 3 is used as an example. It was shown in Sabariah
(2005) that this graph is a FACS and not a cycle. It
means that there exist a cycle that included at most five
vertices but could not be contained in a path that passes
through all six vertices as in Fig. 3. Since n is the
number of all edges in the FT3-cycle containing an
edge e, in FACS, then n = {2, 3, 4, 5} for each FT3-
cycle containing an edge e;, in FACS of the incineration
process. Now, the study of this incineration process in
terms of the FT3-cycle space of DGpr3(V,E) of the
incineration process is presented through determination
of all the FT3-fuzzy detour cycles of FACS. Therefore,
the existing definitions of the previous sections are used
to identify FT3-cycles and FT3-fuzzy detour cycles in
the following details:

A length of FT3-cycle containing the edge e; € E
with each n = {2, 3, 4, 5}, denoted by |C§l1 ,in FACS of
fuzzy graph Type-3 is called FT3-fuzzy detour cycle
Ce. such that |Ce"1| = Z(eiecgk)u(;ei) (by Definition 2).
Now, for all n = {2, 3, 4, 5}, these cycles are as
follows:

There exists no FT3-cycle containing the edge
e; with n =2, then |C2 | = 0.

There exists FT3-cycle containing the edge e; with
1

_ ‘e (3 3| —
n = 3 which is C; ¢ ..., then |Ce1 =
1 1 1 1 1
uleg)  u(eqs)  0.00001 = 031995 = 0.13401
110.58760.

Thus, Cgl is called FT3-fuzzy detour cycle in FACS
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There exists FT3-cycle containing the edge 61 with

4 4 |
n =4 which is C¢, o e, ;e,c> then |Ce1| e )+
1 1 1 1
ﬂ(eﬁ) #(913) #(815) - 0.00001 0.68004
1 =208.93262.
0.00001 0.13401

Thus, Cg, is called FT3-fuzzy detour cycle in FACS.

There exists FT3-cycle containing the edge e1 with
n =75 which is C then |CS | =

€1,67,€14,€13,€15° M(e )
1 1 1 11 1
uCe;)  u(ers) wu(e1z)  wu(egs)  0.00001  0.00001
1 1
+ = 308.46213.
0.99999 0.00001 0.13401

Thus, Cgl is called FT3-fuzzy detour cycle in FACS.
As well as a length of FT3-cycle containing the
edge e;s € E with each n = {2, 3, 4, 5}, denoted

by |Cels in FACS is called FT3-fuzzy detour cycle
Ce,, in FACS. For all n = {2, 3, 4, 5}, these cycles are

as follows:

e There exists FT3-cycle containing the edge e;s

1

2
with n = 2 which is C¢ .., then |Ce15 =
e L —10.51536.
ules) 013401 = 032752
Thus, Cez15 is called FT3-fuzzy detour cycle in FACS.

There are three FT3-cycles containing the edge
e;swith n = 3 which are C2 . o, » Co . eye, and
Ce315 es,e50 COnsequently, the lengths of FT3-cycles
containing the edge e;5 with n =3 are 110.58760
, 17.21002 and 109.39890, respectively. Then, by
Definition 2, a length of FT3-cycle containing the
edge e;swith n is |c2 |c3. | =
110.58760.

159198|

Thus, 6315
FACS.

is called the FT3-fuzzy detour cycle in

There are three FT3-cycles containing the edge
eis with n =4 which are C2,_ o ¢ e1s > Co'\cereroers
and C2

e seneinerss then, the lengths of FT3-cycles
containing the edge e;s with n =4 are 208.93262,

115.43945 and 208.46213, respectively.
Therefore, by Definition 2, a length of FT3-cycle
containing the edge e;swith n = 4 is
|C€15 €1,€6, e13| = | e15| = 208.93262.

Thus, C¢,, is called the FT3-fuzzy detour cycle in

FACS.
e There are two FT3-cycles containing the edge
ez with n 5 which are C3 and

€15,61,67,614,€13,

568

Cils epeineines » consequently, the lengths of
FT3-cycles containing the edge e;5 with n = 5 are
308.46213 and 164.86622, respectively.
Therefore, by Definition 2, a length of FT3-cycle
containing the edge e;swith n 5 is

3 | = 308.46213.

€15,61,67,614,€13,

| | €15

Thus, C2

¢, 18 called the FT3-fuzzy detour cycle in
FACS.

Continuing in this way to other edges e;, i =
1,2,3,:+-,15 , we obtain a sequence of FT3-fuzzy detour
cycles (refer to Fig. 3) in FACS for the incineration
process. These sequence are given as follows:

The FT3-fuzzy detour cycles that contained the
edge e, are:C} = (el,eg, es) with length
|C3 | = 110.58760; C2 = (e, €6, €13,€55)  with
length |C# | = 208. 93262 CS = (e1, €7, €14, €13,
e;s) with 1ength| | =308.46213.

The FT3-fuzzy detour cycles that contained the
edge e, are: C2, = (ey,e9) with length |CZ|=
21.72037;  C2, = (ez,€12,15) with  length
|C3 | =17.21002; CZ = (e, €10, €13,€15) Wwith
length |C4, | = 115.43945; C3, = (2, €11, €14, €13,
e;s) with length |CS | = 164. 86622

The FT3-fuzzy detour cycle that contained the edge
es is: C2, = (es e3,€;5) with length |C3|=
109.39890.

The FT3-fuzzy detour cycle that contained the edge
ey is: C4, = (€4, €14, €13,€55) with length |C2| =
208.46213.

The FT3-fuzzy detour cycle that contained the edge
es is: CZ =(eseys) with length |CZ|=
10.51536.

The FT3-fuzzy detour cycle that contained the edge
eg Is: C = (eg, €13, €15, €1) with length |C |—
208. 93262

The FT3-fuzzy detour cycle that contained the edge
e; is: C3 = (e; €14 €13,€15,€;) with length
|CS | = 308.46213.

The FT3- fuzzy detour cycle that contained the edge
eg is: 68 = (eg,e15,€1) Wwith length |C | =
110.58760.

The FT3-fuzzy detour cycle that contained the edge
eq is: C2, = (e, €;) with length |CZ | = 21.72037.
The FT3-fuzzy detour cycle that contained the edge
e;p Iis: Ce10 (e10, €13, €15, €2) with length
|c4 | = 115.43945.

The FT3-fuzzy detour cycle that contained the edge
ey, is: C3. = (eq1,€14, €13 €15 ;) with length

€11

|c5.| = 164.86622.
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The FT3-fuzzy detour cycle that contained the
edge e, is C2, = (e1z,€15€;) with length

|c3 | = 17.21002.

€12
e The FT3-fuzzy detour cycles that contained the
edge e;3 are: CJ, = (ey3,€15,€3) with length

|c3,| = 109.39890; CZ . = (e13, €15 €1, €5) With

€13

length |C/, | = 208.93262; C7, = (e13, €15, €1, €7,

€13
ey4) with length |CS || = 308.46213.

e The FT3-fuzzy detour cycles that contained the
edge ey, are: C7, = (€14, €13, €15, €,) With length
|c2 .| = 208.46213; €5, = (€14, €13, €15,€1,€7)
with length |CZ, | = 308.46213.

e The FT3-fuzzy detour cycles that contained the
edge e;5 are: C2,. = (ey5,€5) with length |CZ | =
10.51536;  C2 . = (eys,e5,g) with  length

|c3 | = 110.58760; CZ_ = (e, €1, €6, €13) With

€15

length |CZ .| = 208.93262; C3._ = (15, €1, €7, €14,

€15

e;3) with length |C5 | = 308.46213.

The preceding FT3-fuzzy detour cycles in FACS
for the incineration process with the edge-disjoint
unions of these cycles and an empty graph @ is
considered as a FT3-cycle space in FACS of the
incineration process. Then, it is clearly seen that the
above FT3-fuzzy detour cycles in FACS for the
incineration process is easily verified for all conditions
of the vector addition and the scalar multiplication as in
Theorem 1. Hence, The FT3-cycle space of FACS for
the incineration process, Sc(DGprs) is a vector space
over {0, 1} (with addition and multiplication modulo
2). Thus, the FT3-cycle space of FACS for the
incineration process is considered as a vector space
over {0,1}/71.

Then, each FT3-fuzzy detour cycle Cg, in FACS
for the incineration process can be represented as vector

representation Eg‘k in {0,1}/¥!, where |E|= 15and

én = (
as follows:

Cey1Ceyr Cegr Ceyr Cegr Cegr Cepr Cegr Cegr Ceygr 6911’)

Ce12’ Ce13’ Ce14’ Ce15

e The vector representations of FT3-fuzzy detour
cycles that contain edge e, are:

Cgl = (ey,eg,€15) = 531
=(1,0,0,0,0,0,0,1,0,0,0,0,0,0,1)
C;‘l = (ey, €6, €13, €15) = C,fl
= (1,0,0,0,0,1,0,0,0,0,0,0,1,0,1)
Ce51 = (ey,€7,€14,€13,€15) = Cgl
= (1,0,0,0,0,0,1,0,0,0,0,0,0,1,1,1)
e The vector representations of FT3-fuzzy detour
cycles that contain edge e, are:

C2, = (eze9) = C2, =
(0,1,0,0,0,0,0,0,1,0,0,0,0,0,0) .

Ce32 = (ez, 612,815) = CESZ =
(0,1,0,0,0,0,0,0,0,0,0,1,0,0,1) .

ng = (eZ' e]_o; 813, 615) = ng =
(0,1,0,0,0,0,0,0,0,1,0,0,1,0,1),

Cesz = (ez; €11, €14, €13, 615) = ng —
(0,1,0,0,0,0,0,0,0,0,1,0,1,1,1).

The vector representation of FT3-fuzzy
cycle that contain the edge e is:

Ce33 = (e3,€13,€15) = 533 =
(0,0,1,0,0,0,0,0,0,0,0,0,1,0,1).

The vector representation of FT3-fuzzy
cycle that contain the edge e, is:

Cé’tl. = (6’4, €14, €13, 615) = Cé}; =
(0,0,0,1,0,0,0,0,0,0,0,0,1,1,1).

The vector representation of FT3-fuzzy
cycle that contain the edge eg is:

Cezs = (es,€15) = 535 =
(0,0,0,0,1,0,0,0,0,0,0,0,0,0,1).

The vector representation of FT3-fuzzy
cycle that contain the edge e is:

Cg(, = (€6 €13, €15,€1) = 536 =
(1,0,0,0,0,1,0,0,0,0,0,0,1,0,1).

The vector representation of FT3-fuzzy
cycle that contain the edge e is

Ce57 = (e7,€14,€13,€15,€1) = Cé =
(1,0,0,0,0,0,1,0,0,0,0,0,1,1,1).

The vector representation of FT3-fuzzy
cycle that contain the edge eg is:

Ce38 = (eg €15,€1) = 5:'8 =
(1,0,0,0,0,0,0,1,0,0,0,0,0,0,1).

The vector representation of FT3-fuzzy
cycle that contain the edge ey is:

Cez9 = (eq,€) = Egg =
(0,1,0,0,0,0,0,0,1,0,0,0,0,0,0).

The vector representation of FT3-fuzzy
cycle that contain edge e; is:

4 _ 4 _
Ce,, = (€10,€13,€15,€2) = Cp =

(0,1,0,0,0,0,0,0,0,1,0,0,1,0,1).

detour

detour

detour

detour

detour

detour

detour

detour
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The vector representation of FT3-fuzzy detour
cycle that contain edge e11 is:
Ce11 (e11, €14, €13, €15, €3) = C, e11 =
(0,1,0,0,0,0,0,0,0,0,1,0,1,1,1)

The vector representation of FT3-fuzzy detour
cycle that contain edge e, is:

Aa
C912 (e12,€15.€2) = Cpp, =

(0,1,0,0,0,0,0,0,0,0,0,1,0,0,1).

The vector representations of FT3-fuzzy detour
cycles that contain edge e; 3 are:

Ce13 (e13,€15,€3) = Ce313 =
(0,0,1,0,0,0,0, 00000101)
Ce, = (e1z er5,61,85) = Cé

eq3 e1s
(1,0,0,0,0,1,0,0,0,0,0,0,1,0,1).
ng = (€13 €15, €1,€7,€14) = Cesl3 =

(1,0,0,0,0,0,1,0,0,0,0,0,0,1,1,1).

The vector representations of FT3-fuzzy detour
cycles that contain edge e, are:

Ce14 (e14, €13, €15, €4) = Cgu =
(0,0,0,1,0,0,0,0,0,0,0,0,1,1,1).

v, €5
v 5 0 Ve
- 0
0 e g
es -
6]
v,o V‘O
O
(a)
v&
v, (o]
(@]
vlo €15
G o
w2 e
3
O V.
(d)

5 _ As
Co, = (e1s €13, €15,€1,87) = €, =

(1,0,0,0,0,0,1,0,0,0,0,0,0,1,1,1).

The vector representations of FT3-fuzzy detour
cycles that contain edge e, are:

(o

€15

= (e15,€5) =

CZ

€15

(0,0,0,0,1,0,0, 0,,000001);

(o5

€15

(615' €1, 68) =

C3

€15

(1,0,0,0,0,0,0, 10000001)

C915 (e1s,€1,€6,€13) = C915 =
(1,0,0,0,0,1,0,0,0,,0,0,1,0,1).

Ce15 (e1s,€1,€7,€14,€13) = Ce15 =
(1,0,0,0,0,0,1,0,0,0,0,0,1,1,1)

Implementation of normed space of FACS to the
clinical incineration process: It is easily checked by
Theorem 2 that the FT3-cycle space of FACS for the
incineration process satisfies all the four axioms of the
norm given in Eq. (3). It is worth to notice that the basic
FT3-fuzzy detour cycles with respect to this norm
which can be seen in Fig. 8 and 9 are as follows:

e

Fig. 8: (a): FT3-fuzzy detour cycle C,, = (es,e15); (b): FT3-fuzzy detour cycle C,

The FT3-fuzzy detour cycle that contained the edge
e, is:

0 €13 ]
\J’s O
° (34]
V!
0 % 0
vl
vl
V’O
€y 0 v,
(©
vﬁ
VS
0]
e\"' e1s
0]
vl
V)O e
0
(e)

= (eg, €3); (c): FT3-fuzzy detour cycle

Ce, = (€3, €13, €15); (d): FT3-fuzzy detour cycle C,, = (eg, €15, €1); (€): FT3-fuzzy detour cycle Ce,, = (€12, €15, €2)
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O €13

Va 15 o
O
€6
v
Vlo e
O v
®
s "
Ve €14
e

(@)

V‘
€10
1
O
vl
e e
13
(0]
€15
(@]
7
vl
x ex
O v,

€13
Ve Vs O
O
v €14 ess
eis *
€y
@)
O vl
V.
= O
vl
O v,
(b
vﬁ
v, €13
e1s €5
e
17
O
vl
ez
vO
(@] v,

Fig. 9: (f): FT3-fuzzy detour cycle C,, = (es, €13, 15, €1); (2): FT3-fuzzy detour cycle C,, | = (€10, €13, €15, €2); (h): FT3-fuzzy

detour cycleC, = (e4,€14,€13,€15); (i): FT3-fuzzy detour cycles C,, = C,, = C

Ce,, = (€11, €14, €13, €15, €2)

€14 €13) 5 (j): FT3-fuzzy detour cycles C,, =

Ce, = (€1,€7,€14,€13,€15) Wwith norm || G, Il =
308.46213.

e  The FT3-fuzzy detour cycle that contained the edge
e, is:

Cez = (92, 611, 614, 613, 615) Wlth norm ” Cez " =
164.86622.

e  The FT3-fuzzy detour cycle that contained the edge
ez is:
with  norm

Ce, = (€3,€13,€15) Il Ce, Il =

109.39890.

e  The FT3-fuzzy detour cycle that contained the edge
e, 1s:
CE4 = (94, €14,€13, 315) with norm
208.46213.

Il Ce, Il =
e The FT3-fuzzy detour cycle that contained the edge
es is:
Ce, = (e5,€15) with norm || C,, Il = 10.51536.

e  The FT3-fuzzy detour cycle that contained the edge
g is:

571

eq3 = CEM = Cels = (615,61,67,

Ce, = (€6,€13,€15,€1) with  norm

208.93262.

I Cop Il =

The FT3-fuzzy detour cycle that contained the edge
e, is:

Ce7 = (67, 614, 613, 615, el) Wlth norm ” Ce7 ” =
308.46213.

The FT3-fuzzy detour cycle that contained the edge
eg is:
with

Cey = (€5, €15, €1) norm

110.58760.

I Coy Il =

The FT3-fuzzy detour cycle that contained the edge
€q 1s:

Ce, = (€9, €2) with norm || C, Il = 21.72037.

The FT3-fuzzy detour cycle that contained the edge
ey is:

Il C,

e I =

Ce,o = (€10, €13, €15,€;) Wwith norm
115.43945.

The FT3-fuzzy detour cycle that contained the edge
eq1 1s:
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Ce,, = (e11,€14,€13,€15,€;) with norm || Co, Il =

164.86622.

e  The FT3-fuzzy detour cycle that contained the edge
e, 1s:
with Il =

Ce,, = (€12, €15,€2) norm || C

17.21002.

€12

e The FT3-fuzzy detour cycles that contained the
edge e;3 is:

Ce,s = (€13, €15, €1, €7,€14) With norm || G, Il =
308.46213.

e The FT3-fuzzy detour cycles that contained the
edge ey, is:

Ce,, = (€14, €13, €15, €1, €7) With norm I G, I =
308.46213.

e The FT3-fuzzy detour cycles that contained the
edge e is:
Ce,s = (€15, €1, €7, €14, €13) With norm || Ce,, Il =
308.46213.

It is necessary to observe that C,, = Co, = C, , =
Ce,, = Cey and C,, = C, . Consequently, the basic
FT3-fuzzy detour cycles with respect to the norm given
in Eq. (3) when interpret physically means that each
fuzzy connectivity of edgee; in a FT3-fuzzy detour
cycle C,; has a certain proportion of the chemical
interaction with other edges to the greatest extent norm
Il Ce, II.

Hence, the basic FT3-fuzzy detour cycles with
respect to the norm given in Eq. (3) are ten cycles (Fig.
8 and 9).

CONCLUSION

This study shows that the new concept of the norm
of a vector in the FT3-cycle space of FACS is a
generalization of the concept of length in the FT3-cycle
space of FACS. Then, a new type of normed space
which is the normed space of FACS of fuzzy graph
Type-3 (see Theorem 2) is presented. This normed
space is constructed using the notion of the FT3-cycle
space of FACS as a vector space over {0,1}f! (see
Theoreml) together with this norm. The basic FT3-
fuzzy detour cycles with respect to this norm are
determined in the incineration process represented by
the FT3-cycle space associated with a graph of FACS
of the incineration process.
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