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Abstract: Subdivision schemes play a vital role in Computer Aided Geometric Design these days. A new univariate 
symmetric ternary 6-point approximating subdivision scheme has been introduced that generates the limiting curve 
of C

5
 continuity and its limit functions has a support on (-9, 8). The Laurent polynomial method has been used to 

investigate the continuity of the subdivision scheme. To determine the maximum degree of smoothness of the 
subdivision scheme, Holder exponent of the scheme has been calculated. The behavior of the proposed subdivision 
scheme has been depicted through four examples. 
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INTRODUCTION 

 
During the last decade, subdivision schemes 

became one of the most popular tools to create smooth 
limiting curves and surfaces from discrete set of data 
points. Now subdivision has become an independent 
subject due to many applications in the different fields 
including Computer Aided Geometric Design, 
Computer Graphics, Graphic Animation, Image 
Processing, Engineering and Reverse Engineering etc. 

Chaikin (1974) introduced the recursively corner 
cutting binary 2-point approximating subdivision 
scheme that generates a smooth limiting curve of C

1
 

continuity. Siddiqi and Rehan (2010a) developed a new 
corner cutting ternary 2-point approximating 
subdivision scheme that generates limiting curve of C

1
 

continuity. Hassan and Dodgson (2003) introduced a 
ternary 3-point approximating subdivision scheme that 
generates the limiting curve of C

2
 continuity and also 

ternary 3-point interpolating subdivision scheme that 
generates limiting curves of C

1
 continuity. Siddiqi and 

Rehan (2009) introduced another ternary 3-point 
approximating subdivision scheme that generates 
limiting curve of C

2
 continuity. Siddiqi and Rehan 

(2010b) modified the ternary 3-point approximating 
subdivision scheme that generates family of C

1
 and C

2
 

limiting curves. Zheng et al. (2007) analyzed the fractal 
range of a ternary 3-pointinterpolating subdivision 
scheme introduced by Hassan and Dodgson (2003). 
Zheng et al. (2005) also presented a ternary 3-point 
interpolating subdivision scheme that generates C

1
 

limiting curves. 
Hassan et al. (2002) developed a ternary 4-point 

interpolating subdivision scheme that generates the 

limiting curves of C
2
 continuity for certain range of 

tension parameter. Ko et al. (2007) introduced a ternary 
4-point approximating subdivision scheme that 
generates a limiting curve of C

2
 continuity. Siddiqi and 

Rehan (2010c) proposed another ternary 4-point 
approximating subdivision scheme that generates the 
limiting curve of C

3
 continuity. Siddiqi and Rehan 

(2009) presented a ternary 5-point approximating 
subdivision scheme that generates C

4
 limiting curve and 

its limiting functions has a support on (-5, 4). 
A subdivision algorithm recursively refines the 

initial polygon to produce a sequence of finer polygons 
that converge to a smooth limiting curve. Each 
subdivision scheme is associated with a mask

Ziaa i ∈= },{ . The ternary subdivision scheme is the 

process which recursively define a sequence of control 

points Ziff
k

i

k ∈= , , by the rule of the form with mask

Ziaa i ∈= },{ : 

 

Zifaf
k

jji

k

i ∈=∑ −
+

,3

1  

 
which is formally denoted by: 
 

01 fSSff kkk ==+  

 
A subdivision scheme is said to be uniformly 
convergent if for every initial data Ziff i ∈= },{

0 , there 

is a continuous function ƒ such that for any closed 
interval [a, b]: 
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],[3
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Obviously 0fSf ∞=  
is considered to be a limit 

function of subdivision scheme S. 

A new ternary 6-point approximating subdivision 

scheme has been introduced using quintic B-spline 

basis functions. The ternary 6-point approximating 

subdivision scheme is defined as: 
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where, 0

if  is a set of initial control points with the 

mask: 
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The refinement rules of the subdivision scheme 

have been calculated for � = �
� , � = �

�  �	
 � = �
� as: 
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The proposed subdivision scheme generates the 

limiting curve of C
5
 continuity with the wider range of 

support on [-9, 8] of basis functions which is helpful for 

the geometric designers. 

 

ANALYSIS OF TERNARY  

SUBDIVISION SCHEME 

 

For the convergent subdivision scheme S, the 

corresponding mask Ziai ∈},{ necessarily satisfies: 

 

123133 === ∑∑∑
∈

+
∈

+
∈ Zj

j

Zj

j

Zj

j aaa                         (2) 

 
Introducing a symbol called the Laurent 

polynomial ��� =  ∑ ���
�∈�  of a mask Ziai ∈},{

 
with 

finite support. The corresponding symbols play an 
efficient role to analyze the convergence and 
smoothness of subdivision scheme. 

With the symbol, Hassan et al. (2002) provided a 

sufficient and necessary condition for a uniform 

convergent subdivision scheme. A subdivision scheme 

S is uniform convergent if and only if there is an integer

1≥L , such that ���
� �����

�
< 1. 

The subdivision scheme S1 with symbol )(1 za is 

related to subdivision scheme S with symbol )(za , 

where ���� =  ���

������  � ��. The subdivision scheme 

S with symbol )(za  satisfies Eq. (1) then there exists a 

subdivision scheme S1 with the property: 
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where, 0fSf kk =  
and }.:)(3){( 1 Ziffdfdf

k
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The norm 
∞

S of a subdivision scheme S with a mask 

Ziai ∈},{
 
is defined by: 
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Theorem 1: Ternary 6-point approximating subdivision 

scheme defined in Eq. (1) converges and has 

smoothness C
5
. 

 

Proof: Consider the refinement equations defined in 

equation 1 and the Laurent polynomial a (z) for the 

mask of the proposed ternary 6-point approximating 

subdivision scheme can be written as: 
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Laurent polynomial method is used to prove the 

smoothness of the ternary 6-point approximating 

subdivision scheme to be C
5
. Taking: 
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With a choice of 1=m and 1=L , it can be written as: 
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To determine the convergence of subdivision 

scheme S, considering: 
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Therefore, the subdivision scheme S is convergent. 

In order to prove the ternary 6-point approximating 

subdivision scheme developed to be C
1
. Consider m = 2 

and L = 1, the Laurent polynomial gives: 
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To determine the convergence of subdivision 

scheme S1, considering: 
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Therefore, the subdivision scheme S1 
is convergent 

and the subdivision scheme ∈S  C
1
. 

In order to prove the ternary 6-point approximating 

subdivision scheme developed to be C
2
. Consider 

3=m  and 1=L ; the Laurent polynomial gives: 
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To determine the convergence of subdivision 

scheme S2, considering: 
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Therefore, the subdivision scheme S2 
is convergent 

and the subdivision scheme ∈S C
2
. 

In order to prove the ternary 6-point approximating 

subdivision scheme developed to be C
3
. Consider 

4=m  and 1=L ; the Laurent polynomial gives: 
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To determine the convergence of subdivision 

scheme S3, considering: 
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Therefore, the subdivision scheme S3 is convergent 

and the subdivision scheme ∈S C
3
. 

In order to prove the ternary 6-point approximating 

subdivision scheme developed to be C
4
. Consider 

5=m  and 1=L ; the Laurent polynomial gives: 
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To determine the convergence of subdivision 

scheme S4, considering: 
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Therefore, the subdivision scheme S4 is convergent 

and the subdivision scheme ∈S C
4
. 

In order to prove the ternary 6-point approximating 

subdivision scheme developed to be C
5
. Consider 

6=m  and 1=L ; the Laurent polynomial gives: 
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To determine the convergence of subdivision 

scheme S5, considering: 
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Therefore, the subdivision scheme S5 is convergent 

and the subdivision scheme ∈S C
5
. 

 

HOLDER REGULARITY OF THE  

SUBDIVISION SCHEME 

 

Theorem 1: Implies that continuity of the proposed 

ternary 6-point approximating subdivision scheme is 

C
5
. Based on generalized Rioul (1992), its highest 

degree of smoothness can be found. The subdivision 

scheme has Holder Regularity k

H vR +=5  for all 1≥k , 

where v
k
 is given by: 

  

∞

− = kkv S
k

)
3

1
(3 6

 

 

Following Rioul (1992), it is found that the Holder 

exponent for the ternary 6-point approximating 

subdivision scheme is C
5.75

. 

 

Comparison of subdivision schemes: For sketching 

the smooth curves and surfaces, the higher degree of 

smoothness of the subdivision scheme is required. The 

order of derivative continuity of the scheme depends on 

the mask used in the subdivision scheme. There are two 

ways to obtain a desired mask which gives maximum 

order of derivative continuity. One is to increase the 

support size of the subdivision scheme; the other is to 

find specific values of the mask which represents the 

bar centric combination of data points for a fixed 

support size of the scheme. Comparison Table 1 

demonstrates that the higher degree of smoothness of 

the curve can be achieved with the increase of the 

support size of the ternary subdivision scheme. Ternary 

2-point    approximating    subdivision    scheme  (2010) 

Table 1: Comparison of the ternary subdivision schemes 

Subdivision scheme Type Support (size) Continuity 

Ternary 2-point (2010) 

Ternary 3-point (2002) 

Ternary 3-point (2002) 

Ternary 3-point (2010) 

Ternary 4-point (2002) 

Ternary 4-point (2007) 

Ternary 4-point (2010) 

Ternary 5-point (2009) 

Proposed ternary 6-point 

Approximating 

Interpolating 

Approximating 

Approximating 

Interpolating 

Approximating 

Approximating 

Approximating 

Approximating 

2.5 

4.0 

4.0 

4.0 

5.0 

5.5 

5.5 

7.0 

8.5 

C1 

C1 

C2 

C2 

C2 

C2 

C3 

C4 

C5 

 

generates C
1
 limiting curve with the support size 2.5. 

Ternary 3-point interpolating subdivision scheme 

(2002) generates C
1
 limiting curve with the support size 

4. Ternary 3-point approximating subdivision schemes 

(2002) and (2010) generates C
2 
limiting curve with the 

support size 4. Ternary 4-point interpolating 

subdivision scheme (2002) generates C
2
 limiting curve 

with the support size 5. Ternary 4-point approximating 

subdivision schemes (2007) and (2010) generates C
2
 

and C
3
 limiting curve with the support size 5.5, 

respectively. Ternary 5-point approximating 

subdivision scheme (2009) generates C
4
 limiting curve 

with the support size 7. A new ternary 6-point 

approximating subdivision scheme is introduced by 

increasing the support size of the ternary subdivision 

scheme that generates a limiting curve of C
5
 continuity. 

Comparison Table 1. Illustrates the benefit of the 

proposed scheme that it generates the limiting curve of 

maximum degree of smoothness (i.e., C
5
 continuity). 

Moreover, the proposed scheme observes the variation 

diminishing property. 

 

Examples: The geometric behavior with two 

subdivision steps of the proposed ternary 6-point 

approximating subdivision scheme have been illustrated 

in four different examples as shown in Fig. 1 to 4. Four 

examples reveal the usefulness of the proposed scheme
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Fig. 1: A ternary 6-point approximating subdivision scheme with two subdivision steps and the limiting curve of C5 continuity 

 

 
 

Fig. 2: A ternary 6-point approximating subdivision scheme with two subdivision steps and the limiting curve of C5 continuity 

 

that generates the smooth limiting curve of C
5
 

continuity and gives the pleasing results. 

 

CONCLUSION 

 

A univariate symmetric ternary 6-point 

approximating subdivision scheme has been introduced 

using quintic B-spline basis functions. The proposed 

scheme generates the limiting curve of C
5
 continuity 

and its limiting functions has a support (-9, 8). The 

smoothness of the proposed subdivision scheme has 

been analyzed, using the Laurent polynomial method 

and Holder exponent of the subdivision scheme is C
5.75

. 

The examples reveal that the limiting curve generated 

by the proposed scheme gives maximum degree of 

smoothness as compare to subsist subdivision schemes. 
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Fig. 3: A ternary 6-point approximating subdivision scheme with two subdivision steps and the limiting curve of C5 continuity 

 

 
 

Fig. 4: A ternary 6-point approximating subdivision scheme with two subdivision steps and the limiting curve of C5 continuity 
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