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Abstract: In this study, a five-parameter distribution so-called the kumaraswamy Generalized power Lindley is
defined and studied. The new distribution contains, as special sub models, several important distributions, such as
the kumaraswamy generalized Lindley, kumaraswamy Lindley, generalized Lindley. We derive the moments
moment generating function, conditional moment and mean residual lifetime are derived. We propose the method of
maximum likelihood for estimating the model parameters. Finally, real data examples are discussed to illustrate the

usefulness and applicability of the proposed distribution.
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INTRODUCTION

The Lindley distribution was introduced by
Lindley (1958) as a new distribution useful to analyze
lifetime data especially in applications modeling stress-
strength reliability. Ghitany et al. (2008) studied the
properties of the Lindley distribution under a carefully
mathematical treatment. They also showed in a
numerical example that the Lindley distribution gives
better modeling for waiting times and survival times
data than the exponential distribution. The use of the
Lindley distribution could be a good alternative to
analyze lifetime data within the competing risks
approach as compared with the use of standard
Exponential or even the Weibull distribution commonly
used in this area.

Lindley (1958) introduced a one- parameter
distribution, known as Lindley distribution, given by its
probability density function:

f(x,0) =9g(,0) = (:—:1) (14 x)el=0%: x >
0,6 >0, (M

The cumulative distribution function (cdf) of
Lindley distribution is obtained as:

Ox

Fe,0)=1-e Gl x> 00>0

In the context of reliability studies, Ghitany et al.
(2013) proposed the power Lindley distribution which
is extension of Lindley distribution which offers a more
flexible distribution for modeling lifetime data, namely
in reliability, in terms of its failure rate shapes. It can

accommodate both decreasing and increasing failure
rates as its antecessors, as well as unimodal and bathtub
shaped failure rates. The cumulative distribution
function (cdf) of power Lindley distribution is given by:

F(x, a, 6) =1- (1 + ((Zx_i?)) e{_ax{ﬂ}} (3)

And the probability density function as follows:

flx,a,0) = (%) (1 + x{a})x{9—1}e{“""w}} )

Pararai et al. (2015) introduced a generalization of
Power Lindley called generalized (or exponentiated)
power Lindley (GPL). This distribution represents a
more flexible model for the lifetime data.

A random variable X is said to have the generalized
power Lindley (GPL) distribution with three parameters
a,0and B, if it has the cumulative distribution
function:

B
G(x,a, 9,,3) = [1 - (1 + (Z%:)) e{—axg}] , x>0 (5

The corresponding probability density function
(pdf) is given by:

gx,a,6,) = (ﬂ) (1+ x{e})x{e‘l}e{_”m} x

1+a

- (1 (22 e

,x>0,a,0,8 > 0.
(6)
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The distribution introduced by Kumaraswamy
(1980), also referred to as the "minimax" distribution, is
not very common among statisticians and has been little
explored in the literature, nor its relative
interchangeability with the beta distribution has been
widely appreciated. We use the term K, distribution to
denote  the  Kumaraswamy  distribution.  The
Kumaraswamy K, distribution is not very common
among statisticians and has been little explored in the
literature. Its cumulative distribution function (cdf) is
given by:

Fonam@ =1-(1-2 " 0<x<1 )

where, a > 0 and b > 0 are shape parameters. Equation
(7) compares extremely favorably in terms of simplicity
with the beta cdf which is given by the incomplete beta
function ratio. The corresponding probability density
function (pdf) is:

- {b-1}
fixiap)y(x) = abx'@ 1}(1 — x{a}) ®)

The K,, pdf has the same basic shape properties of
the beta distribution: a > 1 and b > 1 (unimodal);
a<1 and b < 1(uniantimodel); a>1 and b <1
(increasing); a < 1 and b > 1(decreasing); a=1 and b
= 1 (constant). It does not seem to be very familiar to
statisticians and has not been investigated
systematically in much detail before, nor has its relative
interchangeability with the beta distribution been
widely appreciated. However, in a very recent paper,
Jones (2009) explored the background and genesis of
this distribution and, more importantly, made clear
some similarities and differences between the beta and
K, distributions. However, the beta distribution has the
following advantages over theK,, distribution: simpler
formulae for moments and moment generating function
(mgf), a one-parameter sub-family of symmetric
distributions, simpler moment estimation and more
ways of generating the distribution by means of
physical processes.

In this note, we combine the works of
Kumaraswamy (1980) and Cordeiro and de Castro
(2011) to derive some mathematical properties of a new
model, called the K, —G distribution, which stems
from the following general construction: if G denotes
the baseline cumulative function of a random variable,
then a generalized class of distributions can be defined
by:

Fixi@p)y(x) =1— [1 - G(x){a}]{”} )

where a >0 and b >0 are two additional shape
parameters which aim to govern skewness and tail
weight of the generated distribution. An attractive

feature of this distribution is that the two parameters a
and b can afford greater control over the weights in
both tails and in its Centre. The K, — G distribution can
be used quite effectively even if the data are censored.
The corresponding probability density function (pdf) is:

ayb-1
Fixianyy(6) = abg(x) G (x) @ Bl1-60] (10)

The density family (10) has many of the same
properties of the class of beta-G distributions (Eugene
et al., 2002), but has some advantages in terms of
tractability, since it does not involve any special
function such as the beta function. Equivalently, as
occurs with the beta-G family of distributions, special
K,,-G distributions can be generated as follows:
K,, —Weibull (Cordeiro et al., 2010), General results
for the Kumaraswamy-G distribution (Nadarajah et al.,
2012). K, - generalized gamma (de Pascoa et al., 2011),
K,,- Birnbaum-Saunders (Saulo et al., 2012) and K,,-
Gumbel (Cordeiro et al., 2012) distributions are
obtained by taking G(x) to be the cdf of the Weibull,
generalized gamma, Birnbaum-Saunders and Gumbel
distributions. K,, exponentiated Pareto distribution
(Elbatal, 2013). K,,-Quasi Lindley Distribution (Elbatal
and Elgarhy, 2014). Recently, K, - modified inverse
Weibull distribution and its application, among several
others. Hence, each new K, — Gdistribution can be
generated from a specified G distribution.

This study seeks to providea new five-parameter
distribution so-called the kumaraswamy Generalized
power Lindley is defined and studied. The new
distribution contains, as special sub models, several
important distributions, such as the kumaraswamy
generalized Lindley, kumaraswamy Lindley,
generalized Lindley. We derive the moments moment
generating function, conditional moment and mean
residual lifetime are derived. We propose the method of
maximum likelihood for estimating the model
parameters.

KUMARASWAMY GENERALIZED POWER
LINDLEY DISTRIBUTION

In this section, we introduce the five-parameter
Kumaraswamy generalized Power Lindley (KGPL)
distribution. Using (5) in (9), the cdf of the (KGPL)
distribution can be written as

(x,a,0,B,a,b) = 1-

LN
{1 - [1 - (1 + (";"f)) e{—ax{ﬂ}}] } (11)

The corresponding probability density function
given by:
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apib—1}
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X {1 - [1 - (1 + (";":?)) e{_“"{g}}] } (12)

Here and henceforth, let X ~ KGPL(«,0,f,a,b)
be a random variable with density function (12). The
failure (hazard) rate function is given by:

h(x,a,6,B,a,b) = (fKGPL{x-a‘Q-Bﬂ-D]) _ (ﬂi19325’) (1 +

Flxe8.6.ab) 1+a
3! —1) [ axifh
\.[91)}.[9 1} ?{ axt¥i

i (oo o]
(1— 1_"1+ 'ax€9}1 el 163}1
[l .

Also, using (11) and (12) we get the reversed
failure (or reversed hazard) rate function which is given

by t(x) = (%) as:

_ (abba®p 01),(0-1} ,{—ax(®})
T(x) = (_1+a ) (1 +x )x . (; X
a-1

[1 B (1 - (Zx:i}» e{—axie}}]{ )
{1—[1—<1+<ax{9})>e{_axw}}]{am}{b_l}
1—{1—[1—<1+(a::(e}))e{_ax{g}}]{aﬁ}}{b}

Figure 1 depicts the plots of the probability density
and hazard function of KGPL distribution for some
different values of the parameters.

(14)

Special cases of the KGPL distribution: The
kumasraswamy generalized power Lindley is very
flexible model that approaches to different distributions
when its parameters are changed. The KGPL
distribution contains as special-models the following
well known distributions. If X is a random variable with
pdf (12), we use the notation X~KGPL(«,0,(,a,b)
then we have the following cases.

e If=b=1, then (12) reduces to the generalized
power Lindley which introduced by Pararai et al.
(2015).

e If =1, we get kumaraswamy power Lindley
distrribution.

e For 8 =1 we get the kumaraswamy generalized
Lindley distrribution which introduced by Oluyede
et al. (2015).

e kumaraswamy Lindley distribution arises as a
special case of KGPL by taking 8 = § = 1.

e Applying a=b=6=1 we can obtain the
generalized Lindley distrribution which introduced
by Nadarajah et al. (2011).

e Ifa=b=6=p=1we get Lindley distribution
which introduced by Lindley (1958).

Expansion for the density function: In this
subsection, we present some representations of pdf of
Kumaraswamy generalized power Lindley distribution.
The mathematical relation given below will be useful in
this subsection. By using the generalized binomial
theorem if B is a positive and |z|<1, then:

p=
oA
Y — e=46=0f a=4b=13
'l\ p=28=04 a=2b=25
w=38=08 a=1b=3
i u=48=00 a=2b=35
'\' w=56=1 a=1 b=4
3 — w=BE=12 a=2b=45
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Fig. 1a: The pdf function of KGPL for
values

some parameter
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Fig. 1b: The pdf function of KGPL for some parameter values
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(1 - 961 = 5 IR, (15)

Using (15), the Eq. (16) becomes:

fKGPL(X. H,B.Sja,b) _ Wijk( @ )[k] (abatﬂ'g) (1 .

] ) _ hatl 1+a
x (80) x {80+ D1} p {~ali+ 1)}

(16)
where,
Wik
fo} U} .
_ z z (]) (1)l (b - 1) ap(i+1)—-1
£ k L J
{i,j=0} {k=0}

STATISTICAL PROPERTIES

In this section we studied the statistical properties
of the (KGPL) distribution, specifically moments,

moment generating function and mean residual life
function.

Theorem (1): If X has KGPL (¢,x),9 = («,60,8,a,b)
then the 73, moment of X is given by the following:

() = Wi (aba%)( r((5)+e+1) > N

1+a (oc(j+1)){(%)+k+1}
(O (17)
a(i+1) /|
Proof: Let X be a random variable following the

KGPL distribution. The r,ordinary moment can
obtained using the well known formula:

fr(x) = EQXT) = [ X" fypu(x,@,6,8,a,b) dx =

ba®B\ o 1 f—a(i+1)x?
Wi (%) J7(1 + x)xr+0terD) 1p{-a(+1x% g, —

awarpy [ r((G)++1) ) [ (M)]
Wijk( 1+a )<(a(j+1)){(%)+k+1} |+ Ve )]
(18)

Which completes the proof.

The central moments p,. and cumulants k, of the
AWG distribution can be determined from expression
(12) as  pr =Xh=o(-D"™t iy and K, =
D -< (A | S
Additionally, the skewness and kurtosis can be
calculated from the third and fourth standardized
cumulants in the forms SK = ((k3)/(V(x2%)) and
KU = ((k4)/(x2?)), respectively.

respectively,

Theorem (2): If X has (KGPL) distribution, then the
moment generating function My (t) has the following
form:

1+a

F((%)+k+1)
r)+k+1}) X

(a(j+1)){(9
[1 + (%)J—f;)l)] (19)

Proof: We start with the well-known definition of the
moment generating function given by:

w t7 ba?
My(£) = B = Wije (22 ﬁ)(

My(t) = E(e™) = fow e fawe (x, $),

Since:

ii—zﬂfm

=0

Converges and each term is integral for all t close
to 0, then we can rewrite the moment generating
function as:
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My (t) = X7=o ,E(xr) (20)

By replacing E (x"). Hence using (20) the MGF of (KGPL) distribution is given by:

M) = i © Wi (abazﬁ ) @) ) [, (@reen

— 1+ ,
7! 1+a (aG + 1)){ (g)+k+1} a(j+1)

r=0

Which completes the proof.
Similarly, the characteristic function of the KGPL distribution becomes:

Px(t) = My (it)
where, i = V/(—1) is the unit imaginary number.

Conditional moments: For lifetime models, it is also of interest to obtain the conditional moments and the Mean
Residual Lifetime Function (MRLF). The S conditional moment of X is given by:

0

Vg fx frerL(x, @, 0,8,a,b)dx = ”k(

t

aba?p

T >f(1 + xa)xS+8(k+1)—1e{—¢x(j+1)x9} dx

Setting a(j + 1)x? = y, then we have:

—w, (o;bazﬁ> ) r((i) +k+1,a0 + 1)#)) +p((£) k42,00 + 1)ta>
e (aG + )6 (@) (aGi + 1)){

+k+1 +k+2

where, I'(a,t) = ftoo 719" Bel=7ldz denotes the complementary incomplete gamma function. The mean residual
lifetime function is given by:

pt) =va(t) =t =EX | X >t)—t
[

aba?p
Zlek<1+a>x

The importance of the MRL function is due to its uniquely determination of the lifetime distribution as well as
the failure rate FR function. Lifetimes can exhibit IMRL (increasing MRL) or DMRL (decreasing MRL). MRL
functions that first decreases (increases) and then increases (decreases) are usually called bathtub (upside-down
bathtub) shaped, BMRL (UMRL). Many authors such as Ghitany (1998), Mi (1995), Park (1985) and Tang et al.
(1999) have been studied the relationship between the behaviors of the MRL and FR functions of a distribution.

r ((%) +k+1,a(+ 1)t"> r ((%) +k+2a(+ 1)t‘9>]

+

-t

( +k+1} )+k+2}

(a + )@ (G + 1)@

RESIDUAL LIFE AND REVERSED FAILURE RATE FUNCTION

Given that a component survives up to time ¢ = 0, the residual life is the period beyond t until the time of
failure and defined by the conditional random variable X — t|X > t. In reliability, it is well known that the mean
residual life function and ratio of two consecutive moments of residual life determine the distribution uniquely
(Gupta and Kundu, 1999). Therefore, we obtain the r** order moment of the residual life via the general formula:

w(®) = ECX =07 1X > ) = (535) /76 = 07 f e, p)x, 7 2 1. @1

Applying the binomial expansion of (x —t)" and substituting f(x, ¢) given by (16) into the above formula
gives:
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Wi abeazﬁ‘ . © _ (i 0
w(t) = )kﬁT 7{20(_1)1(‘:) x ft (1 + x@)x‘r+9(k+1) 1o{~a(+Dx }dx,ur(t) —
WijeabOa?p , (_1)i(7’) y r((%)+k+1,a(j+1)t9> F<(%)+k+2,a(j+1)t9> o)
F(t) =0 i (a(j+1)){(%)+k+1} (a(j+1)){(%)+k+2}

where, I'(s,t) = [ :0 x4~ Bel=x}dx is the upper incomplete gamma function.

On the other hand, we analogously discuss the reversed residual life and some of its properties. The reversed
residual life can be defined as the conditional random variable t — X|X < t which denotes the time elapsed from the
failure of a component given that its life is less than or equal to t. This random variable may also be called the
inactivity time (or time since failure. Also, in reliability, the mean reversed residual life and ratio of two consecutive
moments of reversed residual life characterize the distribution uniquely. The rt"order moment of the reversed
residual life can be obtained by the well known formula:

m () = E(¢ =X 1X < 6) = (575) [y (6 =07 f(x p)dx,r 2 1, (23)

Applying the binomial expansion of (t — x)” and substituting f(x, ¢) given by (16) into the above formula
gives:

m,(t) = l,kabea ,BZ( 1) f(l + xe)xr+8(k+1) 16{—¢x(]+1)x }dxm N0

F(t)

f kab@a B

“Fo Z( o

[y((re )+ k+1,a( + 1)t9> y((rgi) +k+2a(+ 1)t9>
+

l (i + 1)){ Yk+1) (G + 1)){( J+ke+2}

X

where y(s,t) = |, :O x5~ te*dxis the lower incomplete gamma function.

ESTIMATION: Estimation of the model parameters of the kumaraswamy generalized power Lindley distribution
can be accomplished by the maximum likelihood method. Let x4, x5, ..., x;, be a random sample of size n from
KGPL (¢,x),¢ = (,0,8,a,b). Let ¢ = (, 6,8, a, b){T} be the parameter vector. The log likelihood function for
the vector of parameters ¢ = (a, 0, 8, a, b) can be written as:

logL = nlog a + nlog b + nlogf + 2nloga —nlog(1 + @) + ¥ log(1 + xf) + (6 — 1) T, log(x;) +
9 6
a ¥, (x)? + (Ba— 1) T, log [1 - (1 + (2L )> elax! }] +-

{ap}
1S log [1 _ [1 _ (1 + o ] l 24)

The associated score function is given by:

o) =[(52) (Ge) (5p) Ge) G|

The log-likelihood can be maximized either directly or by solving the nonlinear likelihood equations obtained
by differentiating (24). The components of the score vector are given by:

dlogL —
a
“ , [-ax?)
e{“""i} 0 . [1-w(xp)] A1 e@H—l)z Ren)
(2_71) ( ) Y (x )9 +(Ba-1)xYL, M +aBf(b—1)x ™ (25)
a 1 [1-w(x))] =1 1-[1-w(x)]*

6
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dlogL
a0
6
n n xiglog (x7) n n P n aa)(xi)x?lo g(xi)_%g{_“xie}lo g(xp)
6 L= () + 2t log(x) —aXin (x)” log(x) + (Ba— 1) X Xy r—— (26)
dlogL _ < _ N _ n [1-0@)]*log-w(x]
ap =a i=1 lO g(l w('xl.)) a(b 1) X Zi=1 1_[1_w(xi)]aﬁ (27)
dlogL [1-0x)]*log[1-w(x)]
o= BYIlog(1 - w(x) — Bb — 1) x Xk, IR R0 (28)
And
dlogL
===+ Y log[1 = [1 - w(x)]%]. (29)
where,
ax \ ( axt)
w(x;) = 1+a+1 el ™

And The Maximum Likelihood Estimation (MLE) of ¢, say ¢, is obtained by solving the nonlinear system
U,(¢) = 0. These equations cannot be solved analytically and statistical software can be used to solve them
numerically via iterative methods. We can use iterative techniques such as a Newton--Raphson type algorithm to
obtain the estimatep. For interval estimation and hypothesis tests on the model parameters, we require the
information matrix. The 5 X 5 observed information matrix is given by:

Ioca 1a9 Iocﬁ Ioca Iocb
loa log lop Ioa Ieb\
(@) =—|lpa Ipo lgp Iga Ip» |
\Iaoc IaB Iaﬁ Iaa Iab/
Iva Ine Ibg Ipa Ipp
Whose elements are given in Appendix. Applying the usual large sample approximation, MLE of ¢, i.e., ¢ can
be treated as being approximately Ns(¢, [, ()7, where J,,(¢p) = E[L,(¢)]. Under conditions that are fulfilled for
parameters in the interior of the parameter space but not on the boundary, the asymptotic distribution of Vn(¢ — ¢)
is Ns(0,/(¢)™"), where J(¢) = lim_{n - woIn™'[,,(¢p) is the unit information matrix. This asymptotic behavior
remains valid if J(¢) is replaced by the average sample information matrix evaluated at ¢, say n™'I,(¢) . The
estimated asymptotic multivariate normal Ns(¢,I,(¢)™") distribution of ¢ can be used to construct approximate

confidence intervals for the parameters and for the hazard rate and survival functions. An /00(/ — y) asymptotic
confidence interval for each parameter ¢,. is given by:

ACl = (¢r — Z% ir‘r(is‘r + Z% i‘rr)
where, z, is the upper 100y the percentile of the standard normal distribution.

APPLICATIONS

In this section, we present examples that illustrate the flexibility and the applicability of the KGPL distribution
in modelling real world data. We t the density functions of the KGPL distribution and the GPL. We also compare
the KGPL to other comparable distributions. For each data set, the estimates of the parameters of the distributions
and information criterion statistics are calculated.

Cancer patients data set: The first data set consists of data of cancer patients. The data represents the remission
times (in months) of a random sample of 128 bladder cancer patients from Lee and Wang (2013). Estimates of the
parameters of the KGPL distribution, Akaike information criterion (AIC), consistent Akaike information criterion
(AICC), Bayesian information criterion (BIC) are given in Table 1 for cancer patients data.

7
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Table 1: MLEs, LSE, the measures AIC, AICC and BIC and KS test to Cancer Patients data

Model Estimates -logL AIC

AICC BIC KS

KGPL

Il
Ul
o
[N
N

411.5 833.0

TEMW 0.254 463.2 936.4

nn
=
w
-
w

416.8 841.7

no
o 2
N ©
)
g

DT TID /T QD DT D S D
Il (]|
=} o
o o
(&1 o
=N S
(o)}

L =0.196 419.5 841.0

8335 8473 0.042

936.9 950.7 0.735

842.0 848.0 0.090

841.0 843.9 0.11

Table 2: MLEs, LSE, the measures AIC, AICC and BIC and KS test to Guinea Pigs data

Model Estimates -logL AIC AICC BIC KS
KGPL a=70.59 94.80 199.6 200.5 210.9 0.08
b=2814
a = 6.753
B =43.11
6 =4311
TEMW a =0.201 115.2 240.5 241.4 251.9 0.79
B =0.193
7 = 0.256
0 =164
1=0.343
E a=0.565 113.0 228.0 228.1 230.3 0.28
L f=0.86 106.9 215.8 2159 218.1 0.23
Guinea pigs data set: The second data set represents Ecdf of distances
the survival times (in days) of 72 guinea pigs infected = —
. . J - e
with virulent tubercle bacilli, observed and reported by //
Bjerkedal (1960). The starting point of the iterative =
processes for the guinea pigs data set is (1:0; 0:009;
10:0; 0:1; 0:1). o
The values in Table 2 indicate that the KGPL z -
distribution leads to a better fit over all the other models s i
(Flg 2 and 3) - ¥ — Empirical
— KEPL
[T KPL
e T i = TEMW
= Lindiay
n
1 = |
m 11 T T T T T
(=] '_ a 20 40 &0 an
[0 1 HER '
= - 'I | EH
B 11 TERTA Fig. 2b: Estimated cdf function from the fitted the KGPL,
8 5 i ey | TEMW, KPL and L distributions and the empirical
= | cdf of the data set 1
g i CONCLUSION
i ph
h
B | e There has been an extraordinary enthusiasm among
g T T r statisticians and connected specialists in developing
a a L & L] lifetime models to better

Dmimsed 1

Fig. 2a: Estimated densities of the KGPL, TEMW, KPL and
L distributions for the data

adaptable encourage
demonstrating of survival information. Hence, a huge
advancement has been made towards the speculation of
some surely understood lifetime models and their
fruitful application to issues in a few ranges. In this
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Fig. 3a: Estimated densities of the KGPL, TEMW, E and L
distributions for the data

Ecdf of distances
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o4
1
T
£N
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1

Frix)

-
o K
— Empincal

— KGFL

TEBW
Lindbey

Fig. 3b: Estimated cdf function from the fitted the KGPL,
TEMW, E and L distributions and the empirical cdf
of the data set 1

model study, we present another four-parameter got
utilizing the Kumaraswamy generalization technique.
We refer to the new model as the KGPL distribution
and study some of its mathematical and statistical
properties. We hope that the proposed distribution will
serve as an alternative model to other models available
in the literature.

REFERENCES

Bjerkedal, T., 1960. Acquisition of resistance in guinea
pigs infected with different doses of virulent
tubercle bacilli. Am. J. Epidemiol., 72(1): 130-148.
https://www.ncbi.nlm.nih.gov/pubmed/13801076

Cordeiro, G.M. and M. de Castro, 2011. A new family
of generalized distributions. J. Stat. Comput. Sim.,
81: 883-898. https://www.ime.usp.br/~abe/lista/
pdfJh NaA721x M.pdf

Cordeiro, G.M., EM.M. Ortega and S. Nadarajah,
2010. The Kumaraswamy Weibull distribution
with application to failure data. J. Frankl. Inst.,
347(8): 1399-1429. http://www.sciencedirect.com/
science/article/pii/S0016003210001754

Cordeiro, G.M., S. Nadarajah and E.M.M. Ortega,
2012. The Kumaraswamy Gumbel
distribution. Stat. Method. Appl., 21(2): 139-168.
https://link.springer.com/article/10.1007/s10260-
011-0183-y

De Pascoa, M.A.R., EM.M. Ortega and G.M. Cordeiro,
2011. The Kumaraswamy generalized gamma
distribution with application in survival analysis.
Stat. Method., 8(5): 411-433. http://www.
sciencedirect.com/science/article/pii/
S1572312711000323

Elbatal, 1., 2013. The kumaraswamy exponentiated
pareto distribution. Econ. Qual. Control, 28(1): 1-8.
https://www.degruyter.com/view/j/eqc.2013.28.iss
ue-1/eqc-2013-0006/eqc-2013-0006.xml

Elbatal, I. and M. Elgarhy, 2013. Statistical properties
of Kumaraswamy quasi Lindley distribution. Int. J.
Math. Trend. Technol., V4(10): 237-246.
http://ijmttjournal.org/archive/ijmtt-v4i10p6

Eugene, N., C. Lee and F. Famoye, 2002. Beta-normal
distribution and its applications. Commun. Stat.
Theory, 31(4): 497-512. http://www.tandfonline.
com/doi/abs/10.1081/STA-12000 3130? Journal
Code = Ista20

Ghitany, M.E., 1998. On a recent generalization of
gamma distribution. Commun. Stat. Theory, 27(1):
223-233. http://www.tandfonline.com/doi/abs/
10.1080/03610929808832662?journalCode=Ista20

Ghitany, M.E., D.K. Al-Mutairi, N. Balakrishnan and
L.J. Al-Enezi, 2013. Power lindley distribution and
associated inference. Comput. Stat. Data An., 64:
20-33. http://www.sciencedirect.com/science/
article/pii/S0167947313000820

Ghitany, M.E., B. Atieh and S. Nadarajah, 2008.
Lindley distribution and its application. Math.
Comput. Simulat., 78(4): 493-506. http://www.
sciencedirect.com/science/article/pii/
S037847540700211X

Gupta, R.D. and D. Kundu, 1999. Generalized
exponential distributions. Aust. NZ J. Stat., 41(2):
173-188. http://home.iitk.ac.in/~kundu/paper
47 pdf

Jones, M.C., 2009. Kumaraswamy’s distribution: A
beta-type distribution with some tractability
advantages.  Stat.  Method., 6(1):  70-81.
http://www.sciencedirect.com/science/article/pii/S1
572312708000282

Kumaraswamy, P., 1980. A generalized probability
density function for double-bounded random
processes. J. Hydrol., 46(1-2): 79-88. http://www.
sciencedirect.com/science/article/pii/00221
69480900360



Res. J. Math. Stat., 9(1): 1-10, 2017

Lee, E.T. and J.W. Wang, 2013. Statistical Methods for
Survival Data Analysis. 4th Edn., Wiley, Hoboken,
New Jersey. http://www.worldcat.org/title/
statistical-methods-for-survival-data-analysis/ oclc/
830206258

Lindley, D.V., 1958. Fiducial distributions and Bayes'
theorem. J. Roy. Stat. Soc. B. Met., 20(1): 102-107.
https://www.jstor.org/stable/29839097?seq=1#page
scan_tab_contents

Mi, J., 1995. Bathtub failure rate and upside-down
bathtub mean residual life. IEEE T. Reliab., 44(3):
388-391. http://ieeexplore.ieee.Org/document/
406570/

Nadarajah, S., H.S. Bakouch and R. Tahmasbi, 2011. A
generalized Lindley distribution. Sankhya Ser. B.,
73(2): 331-359. http://www jstor.org/stable/
23885150?seq=1#page_scan_tab contents

Nadarajah, S., G.M. Cordeiro and E.M.M. Ortega,
2012. General results for the Kumaraswamy G
distribution. J. Stat. Comput. Sim., 87: 951-979.
https://www.ime.usp.br/~abe/lista/ pdfiDDHLiziTf.
Pdf

10

Park, K.S., 1985. Effect of burn-in on mean residual
life. IEEE T. Reliab., R-34(4): 522-523. http:/
ieeexplore.ieee.org/document/5222253/

Pararai, M., G. Warahena-Liyanage and B.O. Oluyede,
2015. A new class of generalized power Lindley
distribution with applications to life time
data. Theor. Math. Appl., 5(1): 53. https://www.
scienpress.com/journal_focus.asp?main_id = 60 &
Sub_id =1V & Issue = 1374

Oluyede, B.O., T. Yang and B. Omolo, 2015. A
generalized class of kumaraswamy lindley
distribution with applications to lifetime data. J.
Comput. Model., 5(1): 27-70. http://
digitalcommons.georgiasouthern.edu/math-sci-
facpubs/383/

Saulo, H., J. Ledo and M. Bourguignon, 2012. The
Kumaraswamy Birnbaum—Saunders distribution. J.
Stat. Theor. Pract., 6(4): 745-759. http://www.
tandfonline.com/doi/abs/10.1080/
15598608.2012.719814

Tang, L.C., Y. Lu and E.P. Chew, 1999. Mean residual
life of lifetime distributions. IEEE T. Reliab.,
48(1): 73-78. http://iceexplore.icee.org/document/
765930/.



