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INTRODUCTION

In recent years, several common fixed point theorems

for contractive type, mappings have been established by

several authors Jachymski (1995), Jungck (1993) and Pant

(1996). Using the concept of reciprocal continuity which

is weaker from of continuity of mappings Pant (1996),

Popa (1997, 1999) proved some fixed point theorems

satisfying certain implicit relation. Recently Aliouche

(2005) established a general common fixed point theorem

for pair of reciprocally continuous mappings satisfying an

implicit relation Pathak et al. (2007).

After introduction of fuzzy sets by Zadeh (1965) and

Kramosil and Michalek (1975), introduced the concept of

fuzzy metric space, many authors extended their views as

some George and Veeramani (1994), Grabiec (1988),

Subrahmanyam (1995) and Vasuki (1999). Pant and Jha

(2004) obtained some anologus results proved by

Balasubramaniam et al. (2002) Recent literature on Wxed

point in fuzzy metric space can be viewed in Aage

(2009a, b, 2010), Imdad and Javid (2006), Pant and Jha

(2004) and Cho (2006).

In this study, we established common Wxed point

theorems for more general commutative condition i.e.,

occasionally weakly compatible mappings in fuzzy metric

space satisfying integral type inequality.

MATERIALS AND METHODS

Definition: (Zadeh, 1965)

A fuzzy set in A in X a function with domain Xand values

[0, 1].

Definition: (George and Veeramani, 1994) 

A binary operation *: [0, 1]× [0, 1]÷  [0, 1] is a

continuous t - norm if it satisfies the following conditions:

C * is communicative and associative

C * is continuous

C a * 1 = a for all a 0 [0, 1]

C a*b # c*d whenever a#c and b#d and a,b,c,d 0 [0, 1]

Examples of continuous t-norm are:

C a*b = ab

C a*b = min{a, b}

Definition: (Vasuki, 1999) 

A 3-tuple (X, M , *) is called a  fuzzy metric space, if X is

an arbitrary set, * is a continuous t-norm and M is a fuzzy

set on X2 × (0, 4). Satisfying the following conditions for

each v,y,z 0 X, s,t > 0:

C M (x, y, t) > 0

C M (x, y, t) = 1 if and only if x = y

C M (x, y, t) = M  (y, x, t)

C M(x, y, t) * M (y, z, s) # M (x, z, t+s)

C M (x, y, .): (0, 4) ÷  [0, 1] is continuous

Then M is called a fuzzy metric on X. Then M (x, y, t)

denotes the degree of nearness between x and y with

respect to t.

Example:  (Induced fuzzy metric (Vasuki, 1999)

Let (X, d) be a metric space. Denote a*b = ab for all a,b

0 [0, 1] and let M d be fuzzy sets on X2 × (0, 4) defined as

follows:

M d (x, y, t) = t / t+d (x, y)

Then (X, M d, *) is a fuzzy metric space. We call this

fuzzy metric induced by a metric d as the standard

intuitionistic fuzzy metric.
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Definition: (Vasuki, 1999)
Let (X, M d, *) be a fuzzy metric space. Then:

C a sequence {xn} in X is said to converges to x in X if
for each  , > 0 and each t > 0, there exists n0 0 N
such that M  (xn, x, t) > 1 – , for all n $ n0

C a sequence {xn} in X is said to be Cauchy if for each
, > 0 and each t > 0, there exists n0 0 N such that M
(xn, xm , t) > 1 – , for all n, m $ n0

C A fuzzy metric space in which every Cauchy
sequence is convergent is said to be complete

Definition: (Jungck, 1988) 
A  pair  of  self-mappings  (f, g) of a fuzzy metric space
(X, M, *) is said to be:

C weakly commuting if M(fgx, gfx, t) $ M(fgx, gfx, t)
for all x 0 X and t > 0

C R-weakly commuting if there exists some R > 0 such
that M(fgx, gfx, t) $ M(fx, gx, t/R) for all x 0 X and
t > 0

Definition: (Balasubramaniam et al., 2002) 
Two  self  mappings  f  and g of a fuzzy metric space (X,

M, *) are called compatible if M(fgx, gfx, t) = 1

whenever {xn} is a sequence in X such that fxn =

gxn = x for some x in X.

Definition: (Rhoades and Jungck, 1998): 
Two self maps f and g of a fuzzy metric space (X, M, *)
are called reciprocally continuous on X if:

fxn = gxn = x 

whenever {xn} is a sequence in X such that:

fxn = gxn = x 

for some x in X.

Lemma a: Let (X, M, *) be a fuzzy metric space. If there
exists q 0 (0, 1) such that M (x, y, qt) $ M (x, y, t) for all
x, y 0 X  and t > 0, then x = y.

Definition: (Vasuki, 1999)
Let X be a set, f, g self maps of X . A point x in X is called
a coincidence point of f and g iff fx = gx. We shall call w
= fx = gx a point of coincidence of f and g.

Definition: (Rhoades and Jungck, 2006)
A pair of maps S and T is called weakly compatible pair

if they commute at coincidence points. The concept
occasionally weakly compatible is introduced by Al-
ThagaW and Naseer (2008). It is stated as follows:

Definition: Two self maps f and g of a set X are

occasionally weakly compatible (owc) iT there is a point

x in X which is a coincidence point of f and g at which f

and g commute.

Al-ThagaW and Naseer (2008) shown that

occasionally weakly is w eakly compatible but converse is

not true.

Example: Let R be the usual metric space. DeWne S T: R

÷  R by Sx = x and Tx = x3 for all x 0 R. Then Sx = Tx for

x = 0, 2 but ST0 = TS0 and ST2 � TS 2. S and T are

occasionally weakly compatible self maps but not weakly

compatible.

Lemma b: (Al-Thagafi and Naseer, 2008)

 Let X be a set, f,  g owc self maps of X. If f and g have a

unique point of coincidence, w = fx = gx, then w is the

unique common Wxed point of f and g.

Definition: If  d(fgxn, gfxn) = 0, whenever {xn} is a

sequence in X such that:

fxn = gxn = t 

for some t 0 X. Clearly, weakly commuting maps are

compatible, but the implication is not reversible.

Let  (X,  d)  be  a  complete metric space, " 0 [0, 1],

f: X ÷  X a mapping such that for each x, y 0 X:

where N: R+ ÷  R is a lebesgue integrable mapping which

is summable, nonnegative and  such that, for each , > 0:

Then f has a unique common fixed z 0 X such that for

each x 0 X:

fn x = z

Rhoades (2003), extended this result by replacing the

above condition by the following:
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Ojha et al. (2010) Let (X, d) be a metric space and let f: X ÷  X, F: X ÷  CB(X) be a single and a multi-valued map

respectively, suppose that f and F are occasionally weakly commutative (OWC ) and satisfy the inequality:

                           

for all x, y in X,where p $ 2 is an integer a $ 0 and 0 < c < 1 then f and F have unique common fixed point in X.

RESULTS

Theorem: Let (X, M, *) be a complete fuzzy metric space and let A, B, S and T be self-mappings of X. Let the pairs

{A, S} and {B, T} be owc. If there exists q 0 (0, 1) such that:

(1)

for all x, y 0 X and for all t > 0, then there exists a unique point w 0 X such that Aw = Sw = w and a unique point  z 0

X such that Bz = Tz = z. Moreover, z = w, so that there is a unique common fixed point of A, B, S and T.

Proof: Let the pairs {A, S} and {B, T} be owc , so there are points x, y 0 X such that Ax = Sx and By = Ty. We claim

that Ax = By. If not, by inequality (1):

Therefore, Ax = By i.e.,  Ax = Sx = By = Ty. Suppose that there is a another point z such that Ax = Bz then by (1) we

have Az = Sz = By = Ty, so Ax = Az and w = Ax = Sx is the unique point of coincidence of A and S.

By Lemma b w is the only common fixed point of A and S. Similarly there is a unique point z 0 X such that z = Bz

= Tz.

Assume that w � z. We have:

Therefore we have z = w by Lemma b and z is a common fixed point of A, B, S and T. The uniqueness of the fixed point

holds from (1).
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Theorem: Let (X, M, *) be a complete fuzzy metric space and let A, B, S and T be self-mappings of X. Let the pairs

{A, S} and {B, T} be owc. If there exists q 0 (0, 1) such that:

(2)

for all x, y (---) X and R: [0, 1] ÷  [0, 1] such that R(t) > t for all 0 < t < 1, then there exists a unique common fixed point

of A, B, S and T.

Proof: The proof follows from above Theorem.

Theorem: Let (X, M, *) be a complete fuzzy metric space and let A, B, S and T be self-mappings of X. Let the pairs

{A, S} and {B, T} be owc. If there exists q 0 (0, 1) such that:

(3)

for all x, y 0 X and R: [0, 1]5 ÷  [0, 1] such that R(t, 1, 1, t, t) > t for all 0 < t < 1, then there exists a unique common

fixed point of A, B, S and T.

Proof: Let  the  pairs {A, S} and {B, T} be owc, there are x, y 0 X such that Ax = Sx and By = Ty. We claim that Ax

= By. By inequality (3) we have:

a contradiction, therefore Ax = By, i.e., Ax = Sx = By =  Ty. Suppose that there is a another point z such that Az = Sz

then by (3) we have Az = Sz = By = Ty, so Ax = Az and w = Ax = Sx is the unique point of coincidence of A and T.

By Lemma b w is a unique common fixed point of A and S. Similarly there is a unique point z 0 X such that z = Bz =

Tz. Thus zis a common fixed point of A, B, S and T. The uniqueness of the fixed point holds from (3).

Theorem (A): Let (X, M, *) be a complete fuzzy metric space and let A, B, S and T be self-mappings of X. Let the pairs

{A, S} and {B, T} be owc. If there exists q 0 (0, 1)  for all x, y 0 X and t > 0:

(4)

then there exists a unique common fixed point of A, B, S and T.

Proof: Let the pairs {A, S} and {B, T} are owc, there are points x, y 0 X such that Ax = Sx and By = Ty. We claim that

Ax = By. By inequality (4), we have:
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Thus we have Ax = By, i.e., Ax = Sx = By = Ty. Suppose that there is a another point z such that Az = Sz then by (4)

we have Az = Sz = By = Ty, so Ax = Az and w  = Ax = Sx is the unique point of coincidence of A and S. Similarly there

is a unique point z 0 X such that z = Bz = Tz. Thus is a common fixed point of A, B, S and T.

Corollary (A): Let (X, M, *) be a complete fuzzy metric space and let A, B, S and T be self-mappings of X. Let the pairs

{A, S} and {B, T} be owc. If there exists q 0 (0, 1) for all x, y 0 X and t > 0:

(5)

then there exists a unique common fixed point of A, B, S and T.

Proof: We have:

and therefore from Theorem 3.4, A, B, S and T have a common fixed point.

Corollary: Let (X, M, *) be a complete fuzzy metric space and let A, B, S and T be self-mappings of X. Let the pairs

{A, S} and {B, T} be owc. If there exists q 0 (0, 1) for all x, y 0 X and t > 0:

(6)

then there exists a unique common fixed point of A, B, S and T.

Proof: The Proof follows from Corollary (A) 

Theorem: Let (X, M, *) be a complete fuzzy metric space. Then continuous self mappings S and T of X have a common

fixed point in if and only if there exists a self mapping A of X such that the following conditions are satisfied

C AX d TX 1 SX

C the pairs {A, S} and {B, T} are  weakly compatible

C there exists a point q 0 (0, 1) such that for every x, y 0 X and t > 0
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(7)

Then A, S and T have a unique common fixed  point.

Proof: Since compatible implies owc, the result follows from Theorem (A).

Theorem: Let (X, M, *) be a complete fuzzy metric space and let A and B be self-mappings of X. Let the pairs A and

B be owc. If there exists q 0 (0, 1) for all x, y 0 X and t > 0:

(8)

for all x, y 0 X, where ", $ > 0, " + $ > 1. Then A, and S have a unique common Wxed  point.

Proof: Let the pairs {A, S} be owc, so there is a point x 0 X such that Ax = Sx. Suppose that there exist another point

y 0 X for which, Ay = Sy. We claim that Sx = Sy. By inequality (8) we have:

a contradiction, since " + $ > 1. Therefore, Sx =  Sy. Therefore Ax = Ay and Ax is unique. From Lemma b, A and S have

a unique fixed point.

CONCLUSION

In this study, we proved some common fixed point

theorem in fuzzy metric spaces satisfying integral type

inequality with two corollaries with appropriate example.
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