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Abstract: Bidding optimally for processing jobs, selecting optimal manufacturing strategy for job processing,
as well as designing optimal mechanisms for processing job contracts is a complex problem. This is because
of the complexity of modelling the relationship between the input and output of a production process. It is
therefore necessary to seek an analytical tool to clarify the nature of this relationship. The proposed analytical
model is the transfer function. Determination of the production process transfer function will have potential
applications in game theory, maintenance and quality control. This work examined the potential application
of single-input-single-output production process transfer function modelling to game theory and mechanism
design. Models relating transfer functions to Bayesian games and mechanism design were developed. On the
final analysis, it is shown that relating transfer function to Bayesian games and mechanism design will lead to
optimal bids, optimal manufacturing and purchasing strategies, and design of efficient mechanism by social
choice planners.
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INTRODUCTION

Bidding optimally for processing jobs, selecting
optimal manufacturing strategy for job processing, as well
as designing optimal mechanisms for processing job
contracts is a complex problem. This is because in a
production system, there is generally variability in input
and variability in the output of the process as shown in
Fig. 1. This means that the determination of the
relationship between input and output is quite complex
and difficult to understand. Understanding this
relationship is only possible through transfer function
modelling, and has potential applications in game theory,
maintenance and quality control. The focus of this work
is on its application to game theory.

As one of the triumphs of game and contract theories,
governments and organizations are increasingly resorting
to competitive bidding and auctions before contract
awards, and by so doing generating billions of dollars in
revenue in addition to improved efficiency in the
execution of public works (Binmore, 2008; von Stengel
and Turocy, 2008). Consequently, firms, especially
contracting firms must be able to determine to a very high
degree of accuracy the process capability of their facilities
in terms of the quantity they are capable of processing
within a given period of time. Such firms are able to get
a competitive edge above their peers since they could bid
optimally in competitive processing jobs. This
determination is only possible through proper transfer
function modelling.

Transfer function modelling, an integral part of
process monitoring and control, is used to determine the
causal/correlational relationship between input and output
of a process. It is proposed that in order to better
understand the complex relationship between the input
and outputtoa production system, this analytical technique
known as transfer function modelling will be used. 

Transfer function modelling is one of the major areas
where time series analysis is applied. According to Lai
(1979), transfer function is often used to determine the
causal relationship between two variables. In general, a
transfer function relates two variables in a process; one of
these is the cause (forcing function or input variable) and
the other is the effect (response or output variable)
(Coughanowr, 1991). 

Mathematically, in its simplest form, a linear transfer
function model could be represented by:

Y4 = gX (1)

Here
Y4 represent steady state output
g represent the steady state gain
X represent the steady state input

There are two types of transfer function models. They
are discrete and continuous transfer function models.
Continuous transfer function models are usually
represented by differential equations which could be first
order  equations,  second order equations or higher order
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Fig. 1: Schematic of the input-output relationship of a
production system

equations (Box et al., 1994). The production process
transfer function could be best represented by discrete
transfer function models. Transfer function determination
as we have noted earlier would be of great importance to
game theory.

Game theory is a branch of applied mathematics that
is applied in many fields including: economics,
managment, engineering, psychology, computer science,
sociology, biology and political science. Game theory
mathematically capture behaviour in strategic situations
where an individual’s chances of making success based
on his choices depends on the choice of others.Game
theory is the study of the ways in which strategic
interactions among rational players produce outcomes
with respect to the preferences (or utilities) of those
players, none of which might have been intended by any
of them. Since the mathematical theory of games was
formalized by John von Neumann and Oskar Morgenstern
(von Neumann and Morgenstern, 1947), a lot of work has
been done to expound and advance the theory of games.
There are many types of games but the emphasis in this
work is on Bayesian games.

In Bayesian games also known as games of
incomplete information, each player has a type 2 which is
privately known to him, and is not known to other
players. There is a prior probability distribution p over the
possible types of each player. The types determine the out
come of the game. Mathematically a Bayesian game is
defined as:

' = (N, A, 1, p, u) (2)

where,
N is the set of agents
A = A× ... ×An, where Ai is the set of actions available

to player i
1 = 11 × ... ×1n, where 1i is type space  of to player i
p = 11 6 [0,1], where 1i is a common prior over types
u = (u1, ...., un), where ui: A×11 6 R is a utility function

for player i

An example of Bayesian game is the auction. In
auctions a player’s valuation of the object being bid for
constitute his type, and a player’s type is not known to his
fellow bidders.

Bayesian games are extensively used in mechanism
design by social choice planners (SCP). Assuming a
social choice planner wants to use an indirect mechanism,
such as first price auction, to achieve a social choice
function, such a mechanism  M = ((Si)i,N, g(.))
implements the social choice function  f(.) if there is a
pure strategy equilibrium   S*(.) = (s*1(.),…,s*n(.)) of the
Bayesian game 'b induced by M such that:

g(s*1(21), ...., s*n(2n) 
= f(21, ...., 2n) œ(21, ...., 2n) , 1 (3)

For better understanding of the concepts in game
theory and mechanism design, there is a rich literature and
these include: Binmore (2008), von Stengel and Turocy
(2008) and von Stengel (2008), Gibbons(1992), Osborne
(1998), Fudenberg and Tirole (1991), Ritzberger (2003),
Nwobi-Okoye (2009, 2010a, b, c, 2011) and Nisan et al.
(2007) etc.

In continuation, transfer function modelling involves
three distinct steps namely: identification, estimation and
diagnosis. For full treatment of transfer function
modelling see Box et al. (1994), DeLurgio (1998),
Igboanugo and Nwobi-Okoye (2011a, b). Transfer
function concept has been applied in many fields
including: economics, managment, engineering,
education, computer science, sociology, biology etc (Box
et al., 1994). Presently, it appears not to have been
applied to game theory.

Although this study is completely theoretical, two
case studies of transfer function modelling formed the
basis of this study. One of the case studies, a metal
processing production process modelling has already been
published. See Igboanugo and Nwobi-Okoye (2010a, b).
The second case study is a flow production process,
hydropower generation.

The purpose of this research is to highlight the
complexity of relating the input and output of a
production process elucidate the fact that such complex
relationship is best modelled using transfer function
approach and highlight an important benefit of such
modelling, which is better game theoretic analysis of
production processes and more efficient mechanism
design.

The game modelling:
Theoretical development: Here we shall attempt to relate
transfer function to Bayesian games and mechanism
design.

Relationship between transfer functions and bayesian
games: In relating games to transfer function, we have
approach it in two perspectives. In the first case we relate
transfer function to bidding games, while in the second
case we relate transfer function to waiting games.
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Case 1:
Proposition: Assuming two competitors are bidding for
a processing job to produce a quantity of goods Q, at the
same labour cost per hour.

If the transfer functions:
v1(B) > v2(B) œt

and assuming the lag variable:
b1 = b2  œt

Then the equilibrium bids:
21 < 22

Proof: Representing the production process transfer
function by the general model for representing dynamic
systems by differential equation we obtain (Box et al.,
1994):

(4)
( ... ) ( )

( ... ) ( )
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Here Y represents the output
X represents the input
b represents the lag variable
s represents the order of the transfer function

Since the production process is better represented by
discrete dynamic equation, Eq. (4) is replaced by an
equivalent difference equation to obtain:
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Using the backward shift operator on Eq. (5), Eq. (6) is
obtained.
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Equation (7) can be transformed into the following form:

(8)δ ω( ) ( )B Y B B Xt
b

t=

Let
S(B) = T(B) Bb (9)
*(B)Yt = S(B)Xt (10)

Yt = *G1 (B)S(B)Xt (11)

Let v(B) represent the system transfer function in
terms of the system impulse response weights, v. It
follows that:

v(B) = *G1 (B)S(B) (12)
Yt = v(B) Xt (13)

Let the outputs of competitors 1 and 2 be represented
by the time series Y1t and Y2t, respectively.

Let the lag variable of competitors 1 and 2 be
represented by b1 and b2, respectively.

if Y1t > Y2t œt (14)

and assuming:

b1 = b2 œt (15)

It follows that the transfer functions:

(16)v B v B t1 2( ) ( )> ∀

(17)Let Q Y dtt
t

t
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t
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t
2 2

0
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(20)If Q Q1 2=

It follows that:

(21)t t1 2<

From the theory of sealed bid auctions in Bayesian
games (Gibbons, 1992; Osborne, 1998; Nisan et al., 2007;
Fudenberg and Tirole, 1991), it follows that if the labour
cost per hour is the same, at equilibrium the bid of the
players:

21 < 22 (22)

A consequent of the proof above means that
mathematically the Bayesian game could be redefined as:

' = (N, A, v(B), p, u) (23)

where, N is the set of agents;
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A = A× ... ×An, where Ai is the set of actions available
to player i

v(B) = v1(B) × ... ×vn(B), 
where vi(B) is the type space of player
i and correspond s to the transfer
function of each player i

p = 11 6 [0,1], where 1i is a common prior over types
u = (u1, ...., un), where ui: A×11 6 R is a utility function

for player i

Case 2: According to Li and Whang (2002), production
becomes strategic when consumers are concerned not
only about the price to pay but also about possible delays
in delivery, namely, when the market is time-sensitive.
The metrics for measuring delivery time are the lead time
T or waiting time W. The lead and waiting times are a
function of the transfer function v(B) and the lag variable
b, hence:

T%v(B) (24)
W%v(B) (25)
T% b (26)
W%b (27)

Let  C(2)  be the cost per unit waiting time for each
customer type 2. The total waiting cost C is given by:

C = c(2)W (28)

The strategies are dependent on the lead time (T) or
waiting time (W), and hence the equilibrium outcomes
depend on T and W and by extension the transfer function
v(B) and lag variable b.

In general, the choice of strategy of the customer i
depend on his expected utility Uk given by:

(29)U v p T u v p c Wk k( , , ) ( ) ( )= − − θ

Here
v = The quality of good or service to customer of type k
p = The price charged for the good or service to customer
T = The delivery lead time
uk(v) = The worth of quality of good or service v to
customer of type k

The demand from customers determines the sales
(demand) rate 8 for the producing firm, i. If the waiting or
lead time is low, demand increases. Hence:

T% 8 (30)
W %8 (31)

It follows from equations (3.21) to (3.24) that:

8% v(B) (32)

8%b (33)

But

(34)λ αi k v p f for i N and k M( , , , , ) ∈ ∈

Here
v = The quality good or service to customer of type k
p = The price charged for the good or service to customer
f = Scheduling/inventory policy
" = The firm’s choice on processing technology
M = The number of customer types
N = Number of firms

The producing firm’s choice of strategies is a vector
of decisions such that:

(35){ }s v p f for i Ni i i i i⊆ ∈α , , ,

Hence the equilibrium outcomes are still a function
of the demand rate 8 and by extension the systems
transfer function and the lag variable as shown in
equations (32) and (33).

Relationship between transfer functions and
mechanism design: Extending the concept of transfer
function to mechanism design, the pure strategy
equilibrium s*(.) = (s*1(.),…,s*n(.)) of the Bayesian game
'b  induced by  M is such that:

(36)g s v B s v B
f v B v B v B v B

n n

n n

( ( ( )),..., ( ( )))
( ( ),..., ( )) ( ( ),..., ( ))

* *
1 1

1 1= ∀ ∈Θ

Here: v(B) = v1(B) ×...×vn(B)
where vi(B) is the type space of player i and correspond to
the transfer function of each player i

RESULTS AND DISCUSSION

Here we have been able to demonstrate an analytical
model forobtaining the mathematical relationship between
the input and output of a production process in formof the
system transfer function. Obtaining this relationship is
extremely useful in forecasting the output from the
process over a given period given the input in the same
period as well as determining product delivery lead times.

As one of the triumphs of game and contract theories,
governments and organizations are increasingly resorting
to competitive bidding and auctions before contract
awards, and by so doing generating billions of dollars in
revenue in addition to improved efficiency in the
execution of public works (Binmore, 2008; Von Stengel
and Turocy, 2008). Consequently, firms, especially
contracting firms must be able to determine to a very high
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degree of accuracy the process capability of their facilities
in terms of the quantity they are capable of processing
within a given period of time. Such firms are able to get
a competitive edge above their peers since they could bid
optimally in competitive processing jobs. In addition
production firms are able to optimise their manufacturing
strategies when they know their delivery lead times and
process capability which depends on the production
process transfer function. Similarly, customers could
optimise their purchasing strategy when they know
delivery lead times of goods from different firms.

Mechanism design is increasingly being used by
social choice planners to obtain desirable outcomes that
would improve social welfare. Knowledge of the concept
of production process transfer functions will help social
choice planners develop efficient mechanisms that would
improve social welfare.

This research can be applied to any production
process whether solid state production process such as
metal processing or flow production process such as
production of chemicals, gases, oils, hydropower etc.

CONCLUSION

Failure to meet customer orders, wasted raw
materials, loss of contracts and winning unprofitable
contracts costs industrial organizations greatly. In addition
to costs, customer and client goodwill is often lost. The
general effect is that profitability of organizations faced
with such problems reduces tremendously.

In this study the importance of production process
transfer functions was studied and related to games and
social mechanisms. This study would help engineers,
social choice planners and managers have a better
understanding of transfer functions and its relationship to
achieving effective utilization of plant, optimal bids in
processing contracts and, optimal manufacturing and
purchasing strategies. Hence, proper application of the
outcome of this study by industrial organization will
improve the profitability of such organizations.
Furthermore, this study will be of immense benefit to
social choice planners such as government agencies and
non governmental organizations towards efficient
implementation of social choice functions.

NOMENCLATURE

v(B)  = Transfer function
B = Backshift operator
Y = Process output
X = Process input
b = Transfer function lag
S = Difference equation variable for input
T = Difference equation variable for input

* = Difference equation variable for output
r = Order of the output series
s = Order of the input series
8 = Sales (demand) rate 
T = Lead time
W = Waiting time
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