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Abstract: Distribution-free tests are proposed to test the homogeneity of k-samples against umbrella

alternatives when the point of umbrella is known. The tests are simple to compute and hence are useful for

practical purposes. They are based on two-sample Mann-Whitney U-statistics and can be treated as the

competitors to a test due to Mack and W olfe. The distributional properties of the tests have been derived and

their performances in terms of Pitman asymptotic relative efficiency are discussed.
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INTRODUCTION

Let X ij be k independent random samples with X ij ,
j=1,… ,n i having absolutely continuous distribution
function F i(x) = F(x-2 i). For such a data, we are often
interested in testing the hypothesis that all the k-samples
come from a single common distribution, that is, the null
hypothesis is 

H0 : 21 = 22 =  ... =2k (1)

against the alternative

H1 : 21# 22 # ... # 2 l-1 # 2 l $ 2 l + 1 $ ... $ 2k-1 $ 2k
(2)

with atleast one strict inequality and ‘l’ is the peak or
point of umbrella. These kinds of alternatives are one way
analogs to a quadratic regression settings and special case
where 1 is known to be at the k th population corresponds
to the ordered alternatives.  They are appropriate while
evaluating marginal gain in performance efficiency as a
function of degree of training, effectiveness of a drug as
a function of time, growth of human beings as a function
of age, yield of a crop as a function of quantity of
fertilizer applied, reaction to increasing dosage of drug,
etc.

Archambault, Mack and W olfe (1978) introduced
these kinds of alternatives for the first time and
considered them for the application of their results
proposed for the ordered alternatives. Mack and W olfe
(1981) proposed k-sample rank tests based on Mann-
Whitney (1947) two-sample U-Statistics, Simpson and
Margolin (1986) suggested a general recursive test
procedure, Hettmansperger and Norton (1987) proposed
the tests based on ranks, Shi (1988) developed a maximin
efficient linear rank test, Chen and Wolfe (1990) proposed
the tests which are natural extension of Chacko (1963)
rank statistics and Mack and Wolfe (1981) test statistics,
Shetty and Bhat (1997)  proposed a three-sample
distribution-free test, Kossler (2006) developed tests using
arbitrary scores and Bhat and Patil (2008) proposed  a
class of k-sample distribution-free tests based on the
weighted linear combination of consecutive two-sample

U-statistic having a kernel of sub-sample medians. 
In this research, k-sample distribution-free tests based

on two-sample Mann-Whitney U-statistics are proposed
and it is assumed that the ‘1’ is known. 

MATERIALS AND METHODS

This study is an attempt to develop simple k-sample
rank tests for umbrella alternatives and has been carried
out during the first few months of 2009.  Here, two tests
are proposed, their null mean and null variances are
obtained.

The proposed tests: For the above problem of testing (1)
against (2), the following test statistics are proposed.

(3)

where a1 , ... , ak-1 are some real constants to be chosen
suitably. U ij.   is the two-sample  Mann-Whitney U-
statistic for the ith and jth samples, where

(4)

C denotes summation over all  combinations of

ith and jth sample observations and

(5)

By putting ai=1 for i=1,2,…,k-1 in (3), we have

(6)
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The distribution of tests: Under H0, the mean of the test

statistics are given by 

(7)

and (8)

From Lehmann (1963) and Puri (1965), the null

distribution of  follows asymptotic normal

distribution with mean zero and variance >A, where

>A = Var(A) = >1+ >2 + 2>12 , (9)

(10)

(11)

>12= Cov( A1, A2) = a l-1 a l Cov (U l -1,l , U l+1,l ) 

= (a l-1 a l /8 l) >10, (12)

When sample sizes are equal, that is 8 l = 82 =… =8k

=(1/k), substituting (10) and (12) in (9), we have

(13)

And on similar lines, the null distribution of 

follows asymptotic normal distribution with mean zero

and variance .

Optimal choice of weights:  Under the sequence of

Pitman alternatives, the efficacy of the test statistic A is

given by

(14)

For efficiency comparisons, equal sample sizes and

equally spaced alternatives of the type

(15)

are considered. From Rao (1973), the optimum weights a i
*

for which A has maximum efficacy is given by 

for odd k and l=(k+1)/2 . (16)

The square of the efficacy of the test with optimal choice

of weights is given by

(17)

And the square of the efficacy of B is given by 

(18)

RESULTS AND DISCUSSIONS

The asymptotic relative efficiency of A with respect

to any other test * is calculated using  

ARE(A,*)=e(A)/e(*). (19)

As the test due to Mack and W olfe (1981), say M has

been compared with many other tests in the literature and

the new tests developed here too depend on two-sample

Mann-W hitney test statistics,  my interest lies in

comparing A,B with M . It is observed that,

ARE(A,M ) = (k4 + 2k2 - 3)/8k(k-1)2 (20)
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Table 1: AR E (A, M ) for different values of k

k A R E(A ,M )

3 1.000000
5 1.050000

7 1.238095

9 1.458333

11 1.690909

13 1.929487
15 2.171429

17 2.415441

19 2.660819

21 2.907143

23 3.154150
25 3.401667

ARE(B,M ) = 1 (21)

and  ARE(A,B) = ARE(A,M ) (22)

The ARE(A,M ) depends only on k but not on the
underlying distribution and these values for different
values of k are given in Table 1. From Table 1, one can
see that, the test A performs better than M for k $ 3 and
ARE increases as k increases. From (21) and (22), it is
observed that, the performance of B and M are
asymptotically equivalent and A performs better than B
too.

CONCLUSIONS

From the above discussions, it is clear that the newly
proposed test A is more efficient than M and B  is equally
efficient to  M, for k $ 3 from Pitman’s asymptotic relative
efficiency approach. 

From practical view point, one may note that, the
usage of A and B tests are easier, simple and less time
consuming when compared to M for the following reason:

“To use A and B tests, it is enough if (k-1) two-
sample Mann-Whitney U-statistics(U ij) are computed,
where as, to use  M test, one has to compute 2(k-2) U ijs.
For example, when k=7, to use A and B tests, 6 U ijs have
to be computed, where as, to use M, 10 U ijs will have to
be computed. As k becomes larger, the computation of
U ijs   to use M  will be much more than those to use A and
B”.

Hence from both computational and Pitman
asymptotic relative efficiency aspects, the newly proposed
tests are preferable to M ack and Wolfe’s test for testing
homogeneity of k-samples against umbrella alternatives
when the point of umbrella is known.
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