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Abstract: In this study, we introduced the order statistics of exponential-Poisson distribution arising from
combination of exponential distribution with a truncated Poisson distribution. Various properties of the
proposed distribution are discussed. The estimation of the parameters attained by the EM and nested EM
algorithms and their asymptotic variances and covariance are obtained. In order to assess the accuracy of the
approximation of variances and covariance of the maximum likelihood estimators, simulation studies are
performed and experimental results are illustrated, based on real data sets.
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INTRODUCTION

The distribution of order statistics is useful in many

field of science, such as reliability, earthquake

engineering, queening theory (Harel and Cheng, 1997)

and networks (Yang and Petropulu, 2001). Kus (2007)

and Tahmasbi and Rezaei (2008) used the first order

statistics to model the minimum time interval between two

successive earthquakes, using EP and EL distributions,

respectively. Recently, the order statistics from different

distributions and their properties are studied by many

researchers. The distributions of order statistics from

bivariate skew-normal and bivariate skew-t distributions

are proposed by Jamalizadeh and Balakrishnan (2008).

Balakrishnan and Stepanov (2008) presented the

asymptotic  results  for  the ratio of order statistics.

Rukhin (2006) discussed the Gamma-distribution order

statistics. Barakat and Abdelkader (2000) established a

general recurrence relations satisfied by the product

moments of bivariate order statistics from any arbitrary

bivariate uniform distribution function. Lien and

Balakrishnan (2003) considered the order statistics from

a bivariate normal distribution and developed a

conditional correlation analysis. They applied these

results to evaluate the presence of inventory effects in

futures market. Chen et al. (2004) estimated the means

and covariance of inverse Gaussian order statistics. Order

statistics from inverse Weibull distribution and discrete

uniform distribution are considered in Mahmoud et al.

(2003), Calik and Gungor (2004), respectively.

Ahsanullah (2000) and Ragab (1998) studied on the order

statistics from exponential distribution and Burr Type X

Model, respectively. Barakat and Abdelkader (2000)

computed the moments of order statistics from non-

identically distributed Weibull variables.

In this study, we introduced order statistics from

exponential-Poisson (EP) distribution. The first order

statistics is studied in Kus (2007), which has decreasing

failure rate (DFR) property. The distribution with DFR

are studied in the work of Lomax (1954), Proschan

(1963), Barlow et al. (1963), Barlow and Marshall

(1964,1965), Marshall and Proschan (1965), Cozzolino

(1968), Dahiya and Gurland (1972), McNolty et al.

(1980), Saunders and Myhre (1983), Nassar (1988),

Gleser (1989), Gurland and Sethuraman (1994), Adamidis

and Loukas (1998), Kus (2007) and Tahmasbi and Rezaei

(2008). For orders greater than one, the failure rate

function has two different shapes: It strictly increases

(IFR) or increases at first and then decreases. Properties

of  the  failure  rate  order  and  IFR  is studied in

Belzunce et al. (2004) and Rychlik (2001).

MATERIALS AND METHODS

The proposed distribution: Let Y 1,…, Yz be a random

sample from an exponential distribution with probability

density function (pdf)

  

and Z is a truncated at (k-1) Poisson distribution with

probability mass function as follows:
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Since we want to model the kth order statistics of Y i 's

and we assumed the number of Y i 's, Z, is a random

variable, so it is possible that the realization of r.v Z, z, be

less than k, which is not proper. So, it is necessary to

follow a method that assures us that the realization of Z be

greater than or equal to k. This condition can be obtained

by truncating Z at k-1, simply.

By assuming that the random variables Y’s and Z are

independent, we define X = kth order statistic of

{Y1,…,Yz}. Then,

and marginal pdf of X is

(1)

where

(2)

After here, the distribution of X will be referred as the

order statistics of exponential-Poisson distribution (OEP).

The OEP probability density functions are displayed in

Fig. 1 for selected parameter values. The pdf of OEP

distribution for k = 1 is monotone decreasing with modal

value  at x = 0 (Kus, 2007). For k >1, it

increases from 0 to its maximum at 

. 

For all values of parameters, the pdf tends to 0 as x÷4.

Properties of the distribution: In this section, the

properties of the proposed distribution are presented,

which are equal to those  of Kus (2007), for k =1. 

The distribution: The distribution function is given by:

(3)

and hence, the median is obtained by solving the equation

The moment generating function of X is determined from

Eq. (1) by direct integration and is given by:

Where C is defined in Eq. (2) and Fp,q (.) is generalized

hypergeometric function, defined by:

where n = [n1, n2, ..., np] and d = [d1, d2, ..., dq].

For r , , the raw moments are given by:

Hence the mean of the OEP distribution are given,

respectively, by:
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Fig. 1: Probability density functions of the OEP distribution for different value of $, 8 and k

and

The survival and hazard functions: Using Eq. (1) and
(2), the survival function (also known as reliability
function) and the hazard function (also known as failure
rate function) of the OEP distribution are given,
respectively, by:

Both functions have simple forms. The hazard
function is strictly decreasing for k=1 because the DFR
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Fig. 2: Hazard functions of the OEP distribution for different value of $, 8 and k

property follows from the results of Barlow et al. (1963)
on mixtures and is strictly increasing (IFR) for 8 # k !1.
For 8 > k !1, it increases and then decreases. The OEP
hazard functions are displayed in Fig. 2, for selected
parameter values.

The  initial  hazards  are,  for  k = 1 and h(0) = 0, for
k >1. The long-term is h(4) = $. They are both finite in
contrast to those of Weibull distribution with h(0) = 4 and
h(4) = 0.

Random number generation: Let U  be a random

variable (r.v.) from a uniform distribution with the

parameters . The root of the following

equation will generate r.v. from the OEP distribution w ith

parameters 8 and $:
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Estimation of the parameters:

Estimation by maximum likelihood: The log-likelihood

function  based  on  the observed sample size of n, y obs =

(xi ; i = 1,..., n), from the OEP distribution is given by

(4)

and subsequently the associated gradients are found to be

(5)

and

(6)

To achieve estimations via ML method, it is not easy

to solve the equations  and ,

directly. In the following, Theorems 1 and 2 express the

conditions for existence of the MLE, when the other

parameter is given or known.

Theorem 1: Let g ($; 8, y obs) denote the function on the

right  hand  side  of  the  expression  in (\ref{r_beta}) and

 , 

where 8 is the true value of the parameter. Then, for a

given 8 $ 0  the root of g ($; 8, y obs) lies in the interval

.

Theorem 2: Let h (8; $, y obs) denote the function on the

right hand side of the expression in (\ref{r_lambda}),

where $ is the true value of the parameter. Then for

, the equation h (8; $, y obs) = 0 has

at least one root.

EM algorithm: The M LEs of 8 and $ must be derived

numerically. Newton-Raphson (NR) algorithm is one of

the standard methods to determine the MLEs of the

parameters. To employ the algorithm, second derivatives

of the log-likelihood are required for all iterations.

Another method is using the EM  algorithm. This

algorithm is a very powerful tool in handling the

incomplete data problem (Dempster et al., 1977;

McLachlan and Krishnan, 1997). It is an iterative method

by repeatedly replacing the missing data with estimated

values and updating the parameters. It is especially useful

if the complete data set is easy to analyze. Recently, an

EM algorithm has been used by several authors such as

Adamidis and Loukas (1998), Adamidis (1999), Ng et al.

(2002), Kus (2007) and Tahmasbi and Rezaei (2008).

To start the algorithm, hypothetical complete-data

distribution is defined with density function

Thus, it is straightforward to verify that the E-step of an

EM cycle requires the computation of the conditional

expectation of  where ($(h), 8(h)) is the

current estimate ($, 8). Using that

this is found to be . The

EM cycle is completes w ith M-step, which is complete

data maximum likelihood over ($, 8), with the missing Z 's

r e p l a ce d  b y  t h e ir  c o n d i ti o n a l  e x p e c t a ti o ns

. Thus, EM iteration is given by 
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E-step: With the given values of parameters $(h), 8(h)

calculate

(7)

M-step: Update the parameters by

(8)

(9)

Therefore, $(h+1) and 8(h+1) can be obtained as a

solution of the non-linear equations of the form g(x) = x.

Ng et al. (2002) used the same method for estimation of

the parameters of the Weibull distribution based on

progressively type-II right censored sample.

Note that it is possible to solve Eq. (9) in a simple

form via the nested EM algorithm (NEM), but solving Eq.

(8) needs numerical method like NR.

The nested EM algorithm: It is possible to consider

truncated data as missing data. The  EM algorithm is a

standard algorithm for deriving ML estimates for such

data with "missing data" representation. For the EM

algorithm derived in Eq. (9), one of the problems during

the M-step is to derive ML estimates from a sample  of

truncated Poisson random variables. This can be easily

solved via EM algorithm (Bhning and Schn, 2005).

The nested EM algorithm is useful since, apart from

the observed data, there are some more observations that

are 0,1,… ,k - 1and hence they are missing. Since for the

Poisson parameters the sufficient statistics is , the

values of 0,1,… ,k - 1 do not considered on this sum but

they inflate the denominator of the sample mean w hich is

the ML estimate of the parameter. Hence a simple EM

algorithm could be used to estimate the expected number

of i's observations, denoted as ni , i=0,1,…,k-1. Thus, w ith

observed data Z1,…,Zn, the EM algorithm for a simple

truncated at k ! 1 Poisson distribution is described as:

Use current estimates for

E-step: For each  i , {0,… k ! 1} obtain

(10)

M-step: Update Poisson parameter

(11)

From the above discussion, a nested EM algorithm is

proposed for the OEP distribution where the M-step of the

algorithm is solved by applying another EM algorithm.

So, the new algorithm takes the form:

E-step: With the given values of parameters $(h) , 8(h)

calculate

E1-step:

(12)

E2-step:

(13)

M-step: Update the parameters by

M1-step:

(14)



Res. J. Math. Stat., 2(1): 1-13, 2010

7

M2-step:

(15)

Note that, there are two strategies that the EM

algorithms will be used. The first one needs to run several

steps of the inside EM algorithm (steps E2 and M2) so as

to ensure the convergence of the estimates for the

truncated Poisson part. On the contrary the second

strategy needs just one iteration of the inside EM at each

outer EM (steps E1 and M1) iteration. In both cases the

convergence of the algorithm can be based on the results

of Van Dyk (2000), which follows from making use of the

monotonic property of the algorithm, i.e. the log-

likelihood increases at each step.

The nested EM scheme is more advantageous rather

than the NR scheme. First of all if the parameters are in

the admissible range the estimates remain always in the

admissible range, which is not the case for the NR

iterations during the M -step. The closed form expressions

are much simpler than calculating derivatives as needed

for the NR scheme even in such a simple case as the one

here with the truncated Poisson. Simulations based

evidence is provided to show this concept.

Asymptotic variance and covariance of the MLEs:

Applying the usual large sample approximation, the MLE

of 2 = ($, 8) can be treated as being approximately

bivariate normal with mean 2 and variance-covariance

matrix, which is the inverse of the expected information

matrix J(2) = E (I;2), where I = I(2; y obs) is the observed

information matrix with elements  with

i, j = 1,2 and the expectation  is to be taken with respect to

the distribution of X. Differentiating Eq. (5) and (6), the

elements of the symmetric, second-order observed

information matrix are found to be:

The elements of the expected information matrix,

J(2), are calculated by taking the expectations of Iij, i, j =

1,2 with respect to the distribution of X. The following

expectations are required:
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Table 1: Variances and covariances o f the  M LE s. The simulated values of  denoted by , the

app rox imate  values of variances and covariances from the expected information matrix (Cov  (E)) and observed information matrix (Cov(O )).

k n 2 Cov(2) Cov(O ) Cov(E) "

2 50 (1,0.5) (0.96,0.54) (0.128,-0.462,1.772) (0.073,-0.301,1.691) (0.060,-0.285,1.688) 0.028

(1,1) (0.94,1.03) (0.274,-0.440,2.106) (0.090,-0.358,1.930) (0.078,-0.354,1.930) 0.027

(1,2) (1.45,2.02) (0.311,-0.788,3.111) (0.159,-0.663,3.091) (0.151,-0.647,3.089) 0.059

(0.5,1) (0.61,1.07) (0.063,-0.313,2.057) (0.033,-0.178,1.939) (0.020,-0.177,1.930) 0.06

(2,1) (2.18,0.74) (0.316,-0.719,2.121) (0.326,-0.728,1.937) (0.312,-0.708,1.930) 0.068

100 (1,0.5) (1.00,0.54) (0.090,-0.213,0.847) (0.035,-0.146,0.851) (0.030,-0.142,0.844) 0.047

(1,1) (0.99,0.95) (0.075,-0.272,1.040) (0.046,-0.177,0.973) (0.039,-0.177,0.965) 0.047

(1,2) (0.93,2.02) (0.157,-0.358,1.639) (0.082,-0.324,1.552) (0.075,-0.324,1.545) 0.055

(0.5,1) (0.55,0.98) (0.030,-0.096,1.033) (0.016,-0.090,0.968) (0.010,-0.089,0.965) 0.048

(2,1) (1.96,1.08) (0.194,-0.398,1.051) (0.160,-0.355,0.966) (0.156,-0.354,0.965) 0.046

500 (1,0.5) (1.01,0.50) (0.033,-0.075,0.209) (0.008,-0.032,0.171) (0.006,-0.029,0.169) 0.049

(1,1) (1.01,1.00) (0.035,-0.042,0.196) (0.011,-0.040,0.195) (0.008,-0.035,0.193) 0.052

(1,2) (0.97,2.00) (0.043,-0.107,0.356) (0.015,-0.067,0.311) (0.015,-0.065,0.309) 0.05

(0.5,1) (0.51,0.99) (0.036,-0.038,0.232) (0.002,-0.021,0.196) (0.002,-0.018,0.193) 0.051

(2,1) (2.00,0.97) (0.053,-0.107,0.241) (0.033,-0.073,0.196) (0.031,-0.071,0.193) 0.048

3 50 (1,0.5) (1.00,0.30) (0.194,-0.436,2.656) (0.046,-0.308,2.473) (0.043,-0.292,2.472) 0.066

(1,1) (1.02,1.14) (0.182,-0.518,2.745) (0.064,-0.346,2.586) (0.051,-0.329,2.569) 0.062

(1,2) (1.36,2.03) (0.184,-0.534,3.239) (0.082,-0.466,3.122) (0.079,-0.461,3.105) 0.029

(0.5,1) (0.42,1.06) (0.163,-0.237,2.574) (0.025,-0.173,2.580) (0.013,-0.165,2.569) 0.041

(2,1) (2.07,1.16) (0.317,-0.709,2.764) (0.224,-0.669,2.575) (0.205,-0.658,2.569) 0.074

100 (1,0.5) (1.01,0.46) (0.050,-0.172,1.292) (0.029,-0.153,1.240) (0.022,-0.146,1.236) 0.05

(1,1) (0.96,1.00) (0.122,-0.171,1.322) (0.034,-0.168,1.286) (0.026,-0.165,1.285) 0.047

(1,2) (0.99,2.04) (0.105,-0.240,1.635) (0.041,-0.233,1.556) (0.040,-0.231,1.552) 0.053

(0.5,1) (0.55,0.99) (0.055,-0.106,1.346) (0.011,-0.090,1.291) (0.006,-0.082,1.285) 0.053

(2,1) (1.99,1.08) (0.154,-0.422,1.307) (0.105,-0.333,1.287) (0.103,-0.329,1.285) 0.053

500 (1,0.5) (1.01,0.51) (0.012,-0.045,0.285) (0.006,-0.033,0.248) (0.004,-0.029,0.247) 0.052

(1,1) (1.02,0.98) (0.044,-0.041,0.299) (0.007,-0.037,0.260) (0.005,-0.033,0.257) 0.052

(1,2) (1.04,1.99) (0.019,-0.081,0.316) (0.010,-0.050,0.315) (0.008,-0.046,0.311) 0.052

(0.5,1) (0.50,1.01) (0.044,-0.061,0.306) (0.003,-0.018,0.257) (0.001,-0.016,0.257) 0.049

(2,1) (2.01,1.04) (0.070,-0.075,0.281) (0.021,-0.067,0.259) (0.021,-0.066,0.257) 0.051

where Fr,r(.) is generalized hypergeometric function and
C is defined in (2). Thus J(2) are derived in the form: 

where 

The inverse of J(2), evaluated at  provides the

asymptotic variance-covariance matrix of the MLEs.

Alternative estimates can be obtained from the inverse of

the observed information matrix since, it is a consistent

estimator of J-1(2)$ 

Simulation study: Simulation results are obtained based

on the assumption of Theorem 1 and 2, to guarantee the

existence of the solution in each iteration of the

parameters in EM algorithm. No restriction has been

imposed on the maximum number of iterations and

Convergence is assumed when the absolute differences

between two successive estimates are less than10-5.

For each value of 2, the parameter estimates have

been found by employing three different schemes: Solving

Eq. (8) and (9) using NR method, using the nested EM

algorithm with one iteration at inside EM (NEM1), and

using the nested EM algorithm with five iteration at inside

EM (NEM 5). In all cases, different initial values are

considered.

In order to assess the accuracy of the approximation

of the variances and covariance of the MLEs determined

from the information matrix, a simulation study (based on

1000  simulations)  has  been carried out. The simulated
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Table 2: The mea ns and s tand ard e rrors o f the E M  estim ator and ite rations to  con verg ence w ith initial values  from 1000

samples

k n 2  av(NR) av(N E M1) av(N E M5) 

2 100 (1,0.5) (0.5,0.5) (0.950,0.54) (0.183,0.915) 244 800 322

(1,1) (1,1) (0.989,1.02) (0.195,0.991) 264 1252 385

(0.5,1) (1,1) (0.519,0.98) (0.094,0.977) 280 982 432

500 (1,0.5) (0.5,0.5) (0.976,0.50) (0.083,0.405) 192 934 332

(1,1) (1,1) (0.979,0.99) (0.093,0.445) 245 818 342

(0.5,1) (1,1) (0.491,1.02) (0.038,0.431) 249 867 323

100 (1,0.5) (0.1,1) (1.027,0.48) (0.182,0.927) 299 828 373

(1,1) (0.1,0.1) (0.994,0.95) (0.196,0.978) 329 1303 435

(0.5,1) (1,0.1) (0.526,1.01) (0.091,0.991) 321 1021 476

500 (1,0.5) (0.1,1) (0.991,0.50) (0.085,0.409) 245 965 401

(1,1) (0.1,0.1) (1.025,0.99) (0.083,0.435) 270 874 389

(0.5,1) (1,0.1) (0.481,0.98) (0.042,0.446) 278 901 357

3 100 (1,0.5) (0.5,0.5) (1.018,0.53) (0.151,1.113) 229 771 311

(1,1) (1,1) (0.977,1.01) (0.163,1.127) 304 1263 419

(0.5,1) (1,1) (0.460,1.04) (0.071,1.127) 267 1009 443

500 (1,0.5) (0.5,0.5) (0.994,0.50) (0.056,0.506) 200 935 369

(1,1) (1,1) (1.009,1.00) (0.076,0.510) 231 807 340

(0.5,1) (1,1) (0.500,0.98) (0.044,0.517) 249 883 290

100 (1,0.5) (0.1,1) (0.961,0.55) (0.147,1.110) 336 844 407

(1,1) (0.1,0.1) (0.966,1.04) (0.164,1.128) 332 1359 454

(0.5,1) (1,0.1) (0.550,1.02) (0.085,1.140) 379 1056 483

500 (1,0.5) (0.1,1) (1.013,0.51) (0.067,0.496) 272 971 428

(1,1) (0.1,0.1) (0.984,0.99) (0.081,0.505) 278 885 431

(0.5,1) (1,0.1) (0.484,1.02) (0.040,0.499) 333 955 361

Table 3: Parameter estimation, Kolmogorov-Smirnov (KS) statistics, p-values and iterations for the MDEI and ENA data sets with three different

schemes

Data set n k KS p-value NR Ite ra tio ns  NE M 1 N E M 5

MDEI 13 2 (0.222,2.979) 0.169 0.816 184 298 124

3 (0.264,4.628) 0.202 0.612 124 210 91

ENA 24 2 (0.056,4.568) 0.148 0.632 141 177 85

3 (0.073,6.156) 0.183 0.362 100 138 67

Table 4: 95% coefficient interval (CI) for MDEI and ENA  data sets with k = 2 , 3

Data set n k CI($) CI(8) 

MDEI 13 2 (0.2215,2.9785) 0.0133 -0.2266 5.0795 (0.0000,0.4475) (0.0000,7.3959)

3 (0.2643,4.6276) 0.0105 -0.1746 4.3456 (0.0639,0.4648) (0.5417,8.7134)

ENA 24 2 (0.0555,4.5681) 0.0004 -0.0241 2.4177 (0.0187,0.0924) (1.5205,7.6157)

3 (0.0730,6.1562) 0.0003 -0.0206 2.0873 (0.0367,0.1094) (3.3245,8.9879)

values of , and  (denoted by

) as well as the approximate values determined

by averaging the corresponding values obtained from the

expected and observed information matrix are presented

in Table 1.

We also calculated  the empirical type I error

probability, ", as the proportion of rejecting the null

hypothesis  , if twice the log likelihood ratio is

greater than P2(2), so that the nominal type I error

probability is 0.05. From Table 1, it is observed that the

approximate values determined from expected and

observed information matrix are quite close to the

simulated values for large values of n. Furthermore, it is

noted that the approximation becomes quite accurate as n

increases. In addition, variances and covariances of the

MLEs obtained from the observed information matrix is

quite close to the that of expected information matrix for

large values of n.

Also, simulations have been performed to investigate
the convergence of the proposed EM and nested EM
schemes. One thousand samples of size 100 and 500 of
which are randomly sampled from the OEP for each of
three values of 2 are generated.

The results from simulated data sets are reported  in
Table  2,    which    gives    the   averages   of   the   1000
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Fig. 3: The history of the log-likelihood function for the MDEI and ENA data sets with the three different schemes

MLEs, , and averages numbers of iterations to

convergence for NR method, av(NR), nested  EM with one

iteration inside EM,av(NEM1), and nested EM with five

iteration inside EM method, av(NEM5), together with

standard errors, . Table 2 indicates the following

results: convergence has been achieved in all cases, even

when the starting values are poor and this emphasizes the

numerical stability of the EM and nested EM algorithms.

The values of  and  suggest the EM

estimates performed, consistently. Standard errors of the

MLEs decrease when sample size increases.

RESULTS AND DISCUSSION

In this section, the OEP parameters are estimated

using three different schemes with k = 2 and k = 3.

To compare the results, two data sets are considered.

The first set consists of the time intervals (in day) of the

most desolated earthquakes in Iran (MD EI). The data are

presented in Tahmasbi and Rezaei (2008) containing the

dates of successive earthquakes with their exact locations,

magnitudes, depths and the number of killed persons from

1990. In the second set, the data are 24 observations on

the period between successive earthquakes in the last

century in North Anatolia fault zone (ENA). These data

are analyzed by Kus (2007), Tahmasbi and Rezaei (2008)

and can be found in Kus (2007) (Table 3 and 4).

To make the numbers smaller and avoid overflow

errors, the original data are divided by 100. Figure 3

shows the history of the log-likelihood using the NR

approach (NR), the nested EM with only one iteration at

each M-step (NEM1) and the nested EM  with five

iterations at each M-step (NEM5). One can see that the

NEM5 goes much faster towards the maximum. Note also

that the NEM 5 approach provides close convergence to
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Fig. 4: PP-plot for the MDEI and ENA data sets with k=2,3

For all cases, the initial values used for the parameters are

estimated via moment matching method.

For the OEP model with k = 2 and k = 3, the  PP-plots

are given in Fig. 4. As the figures show, in all cases , the

models provide good fits to the data sets. The MLEs of

 together with Kolmogorov-Smirnov (KS) statistics and

p - values for these two data sets are presented in Table 3.

The KS test statistics takes the smallest value and the

largest p-value for MDEI data with k = 2.

Estimation of asymptotic variance-covariance matrix

of the MLEs obtained from the inverse of the observed

information matrix together with a 95 percent coefficient

intervals for  and   are reported in Table 4.

Appendix

Proof of Theorem 1: Let 

and

Clearly, T1 is strictly decreasing in $ and 

a n d  T2  i s  s t r i c t ly  inc reas in g  in  $  a n d



Res. J. Math. Stat., 2(1): 1-13, 2010

12

. Therefore,

and hence  when .

On the other hand , and so g($; 8, y

obs) > 0. Therefore, there is at least one root of g($; 8, y obs)

= 0 in the interval .

Proof of Theorem 2: Let 

It is clear that T is strictly decreasing in 8 and

 and . Therefore,

and hence h(8; $ , y obs) > 0  

when .

On the other hand, 

and therefore h < 0 when  or

 . Therefore, the equation h(8; $ , y obs)=0

has at least one root if . 
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