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Abstract: We have considered the modern theory of breakdown of an arbitrary gas-dynamic discontinuity for the
space-time dimension equal to two. We consider the Riemann problem of the breakdown of one-dimensional
discontinuity of parameters of non-stationary gas flow in application to construction of numerical methods like the
Godunov method. The problem is solved as accurate stated and as rough stated (Osher-Solomon difference scheme
used in the numerical methods of shock-cupturing): the intensities are determined (static pressure relations) and the
flow velocity step on the sides of formed discontinuities and waves, then the other parameters are calculated in all
flow areas. We give the classification of the difference schemes using the Riemann problem solution. We compared
the results of model flows by means of accurate and rough solutions.
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INTRODUCTION

The classic presentation of the solution of the
Riemann problem of breakdown of an arbitrary
discontinuity of parameters of the flow for one
dimensional waves and discontinuities is given in 2001
in the work of (Igra, 2001). Irrespectively of this work,
the complete study of the regions of existence of
different alternatives of the discontinuity one-
dimensional breakdown in 2000 was carried out by
conducted (Uskov, 2000). The problem is met in
different technical appendices, for example, a
discontinuity arises on the wall at a shock-wave
reflection from it (Arkhipova and Uskov, 2013). So,
there is a discontinuity of velocity equal to the flow rate
following the shock-wave, as on the wall there is a
stagnation of flow up to the zero velocity. In this case,
similarly to some others, it is convenient to use a
concept of dimensionless velocity function of the wave
intensity describing a velocity jump on the wave
(Arkhipova, 2012). If the wave distributes onto medium
at rest, the given parameter is equal to the velocity of
the concurrent flow following the wave.

Great attention was paid to the theory of
breakdown of an arbitrary discontinuity as a result of
development of the numerical methods such as the
Godunov method (Godunov, 1959; Godunov et al.,
1976), where a jump of parameters at the border of

difference cells is considered as a discontinuity. The
exact solutions reduced to a system of transcendental
equations solvable by iteration methods are received. In
a number of cases, for example at explosion modeling
in real time (Gelfand et al., 2001; Silnikov and
Mikhaylin, 2014), essential reduction of computation
time is necessary. Therefore, the actual solution are
approximate like the Osher-Solomon difference scheme
(Osher and Solomon, 1982) using the fact that far from
shock-waves discontinuities at the cell border, as a rule,
are weak. One knows that the isentropic polar of
compression and the shock polar at the intensity equal
to one have the second order of contact, that allows to
receive a simple and one-valued approximate analytical
solution for the flow parameters following the outgoing
discontinuity. A special speed gain in computation the
approximate solutions give in case of the numerical
methods of the heightened order of accuracy (Gelfand
et al., 2001; Gelfand and Silnikov, 2002).

In such a way, the problem of study of breakdown
of an arbitrary discontinuity remains actual in both
accurate setting and approximate setting. It is important
to know the limits of application of approximate
solution methods. This study objective is determination
of such limits. The problem is solved by means of
comparison of the calculation results received by
numerical methods in the accurate and approximate
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settings. Also we give the direct computation of an
error of the approximate Osher-Solomon solution using
a model of isentropic compression waves. For
evaluation of the dynamic pressure following a simple
wave and a shock-wave, the velocity function concept
is introduced. Here is given the value of wave special
intensity when a simple wave and a shock-wave create
the same pressure, i.e., errors of approximate methods
are minimal for this case.

MATERIALS AND METHODS

Solution of one-dimensional non-stationary problem
of discontinuity breakdown in terms of the velocity
function: With the help of idea of dimensionless
function and velocity function of the wave intensity, it
is possible to write down the universal expression for
determination of the gas flow velocity following the
progressive wave:

U=u,+ ypa,U, (J) (1)

Here u, is velocity of the medium at rest, a,-sonic
speed in the medium at rest, y,-index of the wave
direction. For the wave co-directional with the outgoing
flow of gas, y,,= I and for oncoming waves y,, = /. The
velocity function for shock-waves has the appearance:

l-¢ J-1 ()

U= s T

where, g=(y-1)/(y+1), y-gas adiabatic index. For

the Riemann waves (compression waves and depression
waves) the relation specifying the velocity function
follows from the medium isoentropy:

UR(J):I_—E(J”"—1),k:2}//(7—1) 3)
&

If in the result of breakdown of an arbitrary
discontinuity the centered depression Riemann wave
travelling to area / and the shock-wave traveling to area
4 (Fig. la) form, the conditions at the contact
discontinuity can be written as follows:

u—aUg(J),6)=u,+a,U(J,,6,) “4)
If, vice versa, a depression wave spreads onto area
4 and a shock-wave travels to area 1, the condition of

velocity equality on the contact discontinuity is written
as follows:

w—alU,(J,,6)=u, +aUy(J,,&,) &)

Suppose that from the point of discontinuity two
shock-waves outgo (Fig. 1b). Then the condition of
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Fig. 1: Riemann problem of breakdown of an arbitrary
discontinuity; (a): On the top-outgoing discontinuities;
(b): On the bottom-outgoing discontinuities
D: Shock-wave; R: Riemann wave; C: Contact
discontinuity; p: Pressure; t: Time
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Fig. 2: Riemann problem of breakdown of an arbitrary
discontinuity with outgoing waves-Riemann waves

equality of velocity on the contact discontinuity can be
written as follows:

u—aUy(J,e)=u,+aU,(J,,&,) (6)

In theory, there can be two shock-wave
configurations with outgoing Riemann waves (Fig. 2).
There are just a few technical appendices for such
cases, if any, but at plotting of difference schemes of
shock-capturing they are necessary to be taken into
account.

The equation system including the condition of
equality of static pressures on the discontinuity sides
and one of the Eq. (4)-(6), dependently on the outgoing
wave types is closed relatively to the intensities of
outgoing waves and is solved numerically. For
solutions of this system of equations you need to
specify the type of waves formed as a result of
breakdown of an arbitrary discontinuity. Determination
of regions of existence of the solution with different
outgoing waves is the major objective of solution of the
breakdown of an arbitrary discontinuity problem.

Solution of one-dimensional Riemann problem in
the Godunov scheme: The conditions of equality of



Res. J. Appl. Sci. Eng. Technol., 11(1): 1-9, 2015

the flow velocities and pressures on sides of the contact
discontinuity:

U =u)p=p

Link the wave intensities py ( Iél) and f)z( ﬁz)

with differentials [u]; and [u], of the flow velocity on
their sides.

At J>1 or Jy>1 differentials of velocity on the
formed shock-waves are related with their intensities:

Velocity change in the isentropic depression waves
is specified with relations:

(M

2a _
[u], =y—_ll(1—Jf’ V)

[u], =22 (1)

=1 (8)

If we know the velocity differences, you may
specify the inverse relations J; on [u]; for shock-waves:

J =1+

2(17[”;]5“12([”]1- [u]f+4(1-g)2af)
J2:1+2(7[u]) ([ ], *m)

©)
And Riemann waves:
7 =(1=(7-1)[u] /24, )27/ vy
Ty = (1 (r=1)lu], /20, ) (10)

Relations E; and E, of gas densities before and
after shock-waves are specified as follows (Rankin-
Hugoniot adiabat):

E =(1+&J))/(J, +¢),E, =(1+&J,)/(J, +&), (11)
And for isentropic Riemann waves (Poisson adiabat):

=J ", E,=J,"" (12)

Compared to the problem of interaction of inclined

supersonic stationary flows, the system (7-12) always
has the single solution received numerically.

Analytical Osher-Solomon solution for weak waves:
As a rule, differences of the flow parameters on the
borders of computation cells in difference methods are
not big and solution discontinuities in the Riemann
problem can be considered as weak. The difference
Osher-Solomon scheme uses this fact and substitutes
accurate setting of the Riemann problem for
approximate (Kulikovsky et al., 2001), where formulae
(8), (10) and (12) link the flow intencities, velocities
and densities both on depression waves and shock
waves. The problem of discontinuity breakdown in
approximate setting is solved analytically:

[0 ) +2(a +a) [
J]_{ 2(a,+a,/T) }
[ )42 ) [
J, |: (a]+a2) :| (13)
[u] _2a,(1-D)+(y=D)1(u—w) a,,
' al+a, y—1
[u] :2“1(1_1)“'(7_1)[(“1_“2).072
2 al+a, y-1 (14)

where, [ = (p, / p)" """ .

Numerical algorithm of the Godunov method: For
solution of the hyperbolic system of quasilinear
equations in partial derivatives written in the
divergence form:

o0 | oF
ot ox

T

The primitive scheme of the first order for
determination of the velocity vector Qj in difference

cell j at a new point of time t + At (Fig. 3a) looks as
follows:

Ax) -0, (t+At)= Ax; -0, (1) + (Fj—lﬂ Vi O )

Ar— (F/+l/2 Vi Oy ) At+S,-H, (1)

Here Ax; and AXJ-N are dimensions of cell j before
and after integration step At, Vi, and Vi, are
velocities of its border travel, § =(Ax, +Ax})-Ar/2

and 6 ;i (t) and FIJ (t) are
conservative  variables and source components at the
initial time. The values of conservative variables

known vectors of

(6;‘—1/2 and §j+1/2) and their flows (1_7}_1/2 and ﬁ}-+1/2)

through the cell borders need to be specified.
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Fig. 3: Godunov method validation; (a): Difference cell; (b): Discontinuity of parameters on the cell border; (c): Breakdown of
discontinuity with outgoing shock-wave D, and Riemann wave R,

The major issue when constructing difference
schemes of computation is a desire to heighten the
approximation order and at the same time to provide a
monotonic numerical solution in case of strong and
weak discontinuities. In his work Godunov (Godunov,
1959) demonstrates that the monotonic difference
scheme cannot have the approximation order higher
than the first one. The way out the necessity of
monotonic solution and heightening the approximation
order is suggested in the work of (Kolgan, 1972), which
sense is in creation of non-linear mechanisms providing
continuous transition from the non-monotonic scheme
of the second order of approximation with central
differences to the monotonic scheme of the first order
with one-sided differences in the grid nodes. Difference
schemes with the heightened order of approximation
are used in nodes with smooth numerical solution and
in points where solution has discontinuities, monotonic
difference schemes of low accuracy are used. The
Godunov scheme has approximation viscosity,
therefore, for computation of strong discontinuities
there is no need to introduce artificial viscosity. When
computing weak discontinuity like a depression wave,
an approximation error gets high enough, which
becomes apparent in their strong smearing (the lower
the Courant number, the stronger smearing).

In the classic Godunov scheme values 6;-1/2»
F

n =F(O,) and similar ones are specified from

the solution of the problem of breakdown the flow
parameters discontinuity (5 -1 and 6 ;» Fig. 3b) on the
cell binderies. Any space coordinate can be considered
as time.

After the Riemann problem is solved in accurate or
approximate setting, you can calculate the velocities of
all waves and discontinuity. Velocities ; and W, of
movement of shock-waves 51 and 52 is specified by
dependences:

W =uva (7 ) (1 e)

The
distribution

velocity of the contact discontinuity
is easily calculated (W;) and during

formation of depression waves El and ﬁz-their front
(W1, and W,,) and rare (W), and W>;) fronts (Fig. 3c):

W, =u =u,W, =Upy _aj—l’VVZa =u;+a,

_ _ (r-1)/27
Wy =w—ay=u,, +[u]—a;,-J; ’

Wy, =ty +a, =u; +[u], —a, gy

Calculated values are compared with the velocity
of the cell boarder travel Vj.,. If the border travel
velocity is lower or higher the velocity of all waves
travel, the properties of a flow on it are the same as in
the left (QH/2 = QH) or in the right (QH/2 =Q,~) cells
before discontinuity. If the border velocity is lower than
the velocity of one of waves and higher than the
velocity of another one, vector QH/Z is specified by

values of physical variables ( p,u,, p,) and (p,,u,, p,)

correspondingly.
If the border trajectory lies inside the wave

characteristics fan ﬁl or ﬁz, the flow target properties
depends on the velocity value.

i
In wave R;:

Uy = (1- g)(VH/2 +a, ) +eu,,

2aj71
aj =€ 71 —U; - ijl/z >

u 2/(r-1)
j—1/2
Piap=Piac| = ’
j j [ a,
u 27/(r-1)
-1/2
pjl/2:pj].{ - J >
a,,
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Fig. 4: Typical realization of the Godunov scheme with usage of monotonic limiters of flows

In wave R;:

;= (1- "3)(Vj—1/2 - “1)+ su;

Zaj
Ajap=¢ 1 —u; Vi s

2/(7-1)
Ao J

a;

u 27/(r-1)
i-1/2
Pip :pj'[;_J .

J

Pjy2 = P; [

The last relations are a consequence of the
condition the Riemann invariant conservation in
isentropic wave:

5 . 2a. 2a.

R,: u+—2a =u;,+ A . e
y=1 y=1 7 -l

Rz:u— 2a__ _2“,/'—1/2:%_2“/'
e N Y

They are reduced from the Mendeleev-Clapeyron
equation, the Laplace-Poisson adiabat and the equality
of velocities of cell borders and one of the straight
characteristics of relevant depression waves:

Vi =ty =85 OV, g =,y +a, ),

In such a way, the general scheme of construction
of the numerical method based on the Godunov scheme
can be presented as follows:

e  Extrapolation of unknowns for determination of the
flow state on its edges according to the values
given at the centre (reconstruction). In practice,
they use piecewise constant distribution (Godunov
scheme), piecewise linear distribution (Van Leer
scheme) and piecewise parabolic (Chakravarty-
Osher scheme) distribution of parameters of a flow

within the limits of the cell and different flow
limiters.

e The Riemann problem solution for each edge of the
control volume with allowance for local directions
of the flow (in direction of the normal to the
control volume edge). The accurate solution of the
Riemann problem is considered as unprofitable
enough from the point of view of computation,
therefore approximate approaches are widely used,
for example, the Roe scheme or Osher scheme.

o Realization of the time step (evolution): The
general in all methods of the similar class is usage
of diverse monotonic flow limiters (Fig. 4) with
switchers dependent on local properties of the
solution (a; is i™ characteristic). The majority of
limiters have discrete switches like max {fj, f,},
that results to discontinuity of the first derivative
and to the accuracy lowering (usage of absolute
values of control functions has the same sense and
results in the same consequences), in this
connection the smooth limiters are applied also.

RESULTS AND DISCUSSION

Velocity function analysis: Velocity function of the
Riemann wave Uy (J) and shock-wave Up (J) have for
J = 1 the contact order not lower than the second and
for y = 5/3-the third one. At y<5/3 the concurrent
velocity following the Riemann compression wave is
always lower than the velocity following shock-wave of
the equal intensity. The higher the wave intensity, the
bigger the difference. At y>5/3 the situation changes.
Velocity functions of Uy (J) and of shock-wave Up, (J)
have another cross point Uy (J;) = Up (J;). Dependence
J, on adiabatic index is shown in Fig. 5.

If J>J,, the concurrent velocity after the Riemann
compression wave is lower than after the shock-wave
equal to the intensity. If I/<J<J,, the concurrent
velocity is lower after the shock-wave. The special
intensity J, has defined applicative value. In a number
of technical applications, e.g., in hardening of metal
surface, they use throwing of particles by waves. For J,
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Fig. 5: Dependence on the adiabatic index of special intensity J,, when the velocity functions of the shock-wave and the Riemann
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Fig. 6: Accurate approximated-analytic solution of the Riemann problem

the least value of energy cost per unit of increase of the
particle kinetic energy is achieved.

Analysis of the Osher-Solomon solution for weak
waves: Figure 6a and b shows the values of intensities
of waves J; and J, (curves 1 and 2-accurate solution, 1'
u 2' -the Osher-Solomon solution) and the flow velocity
step [u]:[u]l :[u]z (curves 3 and 3') on the waves

formed in the shock tube at pressure discontinuity
breakdown P of two gases originally at rest with the
same temperature and adiabatic indexy =1.4.

One can see that for big initial differential static
pressures (P>5) inaccuracy of approximate solution
gets noticeable. In the area of weak discontinuities, the
coincidence is all sufficient. As the solution of the
problem of breakdown of an arbitrary discontinuity in

the course of numerical computation is made a lot of
times, usage of an approximate model is considered
reasonable.

Solution of the sod test problem by the Godunov
method in ac-curate setting and in Osher-Solomon
approximation: Modeling problems act the part of
testing area for new methodological concepts and
evaluation of accuracy of the results received with the
help of built on their base software tools. For
computation testing, we use the problem of
computation of any progressive wave evolution and
different configurations of the Riemann problem. The
problem of evolution of progressing waves serves for
control of the step of the solution reconstruction, the
Riemann problem-for control of the evolution step. The
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Fig. 7: The sod test problem; (a) to (c): Subsonic flow; (d) to (f): Supersonic flow
computation results (Fig. 7) allow to judge about The generated shock-wave pattern meets two
monotony and accuracy of the numeric method. different solutions of the Sod problem (Sod, 1978). In
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the first case (Fig. 7a to c) a subsonic flow occurs and
in the second case a supersonic flow occurs. Air 5 =14
is taken as working environment. The given solutions
meet a small space of time from the moment of start of
the discontinuity breakdown, when in a numerical
solution we can see the largest deviations from the
accurate solution. As against the classic setting of the
Sod problem where the initial conditions are given in
relative variables, this work uses dimensional values.

Various difference schemes show almost the same
results. The solid line corresponds the problem accurate
solution, the dotted line corresponds computation under
the Godunov scheme, the heavy line ~ -computation
under the MUSCL scheme of the 3™ order, circles-the
Chakravarty-Osher scheme. As a whole, the
Chakravarty-Osher scheme gives more precise solution
than other schemes. At the same time, the Godunov
scheme requires 4.2 times as much as the estimated
time as compared with the schemes based on an
approximate solution of the Riemann problem.

The advantages of the high order accuracy schemes
are well noticeable at consideration of profiles of
contact discontinuity and shockwave.

Nonmonotonicity of the numerical profile received
with the help of the usual scheme of the second order
which appears near the discontinuity occurs. On the
other hand, the profiles of viscosity and pressure
received based on the schemes of the high order, are
monotonic.

The accuracy order of difference schemes at
availability of discontinuity of solutions and their
derivatives, as a rule, does not correspond the classic
order of approximation on the Taylor development on
smooth solutions. For evaluation of accuracy of
difference schemes the method based on experimental
determination  of convergence of  numerical
computations to the accurate solution of the source
problem is applied.

CONCLUSION

The studying of breakdown of an arbitrary
discontinuity is topical already many years. The
necessity of its solution arises in the numerical methods
using the schemes like the Godunov one. The
requirement of optimal combination of acceptable
accuracy of approximating with high speed
computation demands further study of approximate
methods of the solution of the problem of discontinuity
breakdown, for example, the Osher-Solomon scheme,
where for computation of weak shock-waves the
relations for isentropic compression waves are used.
The computation has shown that the approximate
method can be used for the intensity of shock-waves
lower that five, which is executed more often on the
borders of difference cells in typical cases.

The development of new computation algorithms
for the regions of existence of different solutions is
actual.

In a range of technical applications (flow of an
acute edge of an airfoil profile, shock-wave reflection
from an obstacle, shock-wave processes in jets) it is
necessary to solve the problem of discontinuity
breakdown in accurate setting, with no simplification.
On the other hand, for realization of the numerical
methods operating the solution of the Riemann problem
and, for example, the Godunov method, it is more
rationally to apply approximate solutions. The
considered approximate solution Osher-Solomon
ensures, as the test computation shows, monotonicity of
the difference scheme and acceptable accuracy. At the
same time, there is a necessity of accurate
determination of applicability of approximate solutions.
For this purpose, it is convenient to use the velocity
function of the breakdown intensity, which is equal to
concurrent speed following a shock-wave spreading in
the medium at rest. The work specified the special
intensity of waves when the velocity functions of a
shock-wave and a simple wave are identical, i.e., the
error of approximate methods is minimum. Direct
computation of application of the Osher-Solomon
scheme has shown that it can be used up to the intensity
of discontinuity equal to five.
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