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Research Article 
Application of Order Nine Block Method for Solving Second Order Ordinary Differential 

Equations Directly 
 

J.O. Kuboye and Zurni Omar 
Department of Mathematics, School of Quantitative Sciences, College of Art and Sciences,  

Universiti Utara Malaysia, Malaysia 
 

Abstract: In this study, a new block method of order nine is proposed to solve second order initial value problems 
of ordinary differential equations directly. The method is developed via interpolation and collocation approach 
where the use of power series approximate solution as a basis function is considered. The properties of the 
developed block method which includes zero-stability, order, consistency and convergence are also established. The 
numerical results reveal that the new method performs better than the existing method when applied for solving 
second order ordinary differential equations. 
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INTRODUCTION 

 
 In this study, numerical method for the direct 
solution of initial value problems of ordinary 
differential equations of the form 
 

βα =′=′=′′ )0(,)0(),,( yyyyxfy               (1) 
 

is examined. Efforts in the development of numerical 
methods for solving higher order initial value problems 
especially second order ordinary differential equations 
have been made by eminent scholars such as Awoyemi 
(2001), Adesanya et al. (2008), Kayode (2008) and 
Yahaya and Badmus (2009). 

Recently, much attention had been devoted in 
developing predictor-corrector methods for solving (1) 
directly. It is noted that this method is associated with 
some limitations and these are: computational burden 
which as a result of many functions to be evaluated, 
combining of predictors that are of lower order with the 
correctors. All these highlighted drawbacks affect the 
accuracy   of  the  method  (Kayode,  2008;  Adesanya 
et al., 2008). 

In order to advance the accuracy of numerical 
methods, block method was introduced to 
simultaneously  generate  numerical  results  (Adesanya 
et al., 2013; Omar and Suleiman, 1999, 2003, 2005). 
This method gives better approximation and found to be 
cost effective because of the evaluation of few 
functions involved. The derivation of block methods 
with    lower    step-length   for   solving   second   order  
ordinary differential equations have been considered by 
researchers  like  Adesanya  et  al.  (2008) and 

Mohammed et al. (2010) in which the accuracy of the 
methods are very low. 

To bring improvement on the accuracy of block 
method, this study considers higher step-length k = 8 
for the development of block method that can solve 
second order initial value problems of ordinary 
differential equations directly. 
 

METHODOLOGY 
 
Power series approximate solution of the form 
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is considered as an interpolation polynomial. Where r 
and s are the number of interpolation and collocation 
points, respectively. Equation (2) is differentiated twice 
to give: 
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The approximate solution (2) is interpolated at x = xn+i, i 
= 5(1)6 and we collocate Eq. (3) at x = xn+i, i = 0(1)8. 
The interpolation and collocation equations give: 
 

AX = B                             
(4) 

 
where, X = [a0, a1, a2, ..., a10]

T
, B = [yn+5, yn+6, fn, fn+1, 

..., fn+8]
T
 the value of A is shown in Appendix A. 
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Gaussian elimination method is applied to find the 
values of the unknown variables aj,  j = 0(1)k+2 (refer 
to Appendix B) in (4) which are substituted into Eq. (2) 
to give a continuous implicit linear multistep method of 
the form: 
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where the coefficients αj(z) and βj(z) are given as: 
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and C is displayed in 

Appendix A. 
Evaluating (5) at the non-interpolating points and 

its derivative at x = xn+i, i = 0(1)8 to produce discrete 
schemes and its derivatives which are combined in a 
matrix finite difference equation to give a block of the 
form: 
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where, 
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and E' is shown in Appendix A. 
The derivative of (6) gives: 
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where, G can also be seen in Appendix A. 
 

ANALYSIS OF THE METHOD 

 

Order of the method: In finding the order of our 
method, the method proposed by Lambert (1973) is 
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adopted. This gives our method to have a uniform order 
[9,9,9,9,9,9,9,9]

T

 
with error constants: 
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Zero stability: The block method (6) is zero-stable if 

the roots Npz
p

,.....,2,1, =
 

of the first characteristic 

polynomial )det()( BAzz ′−′=ρ  satisfy 1≤pz and the 

root 1=pz  having multiplicity not exceeding the order 

of differential equation under consideration. It is shown 
below: 
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This gives )1()( 7 −= zzzρ which implies z = 

0,0,0,0,0,0,0,1. Hence, the new method (6) is 

convergent because it is zero-stable and having an order 
greater than one (Henrici, 1962). 

 

NUMERICAL EXPERIMENTS 
 
Problem 1: y" = -y +2cosx, y(0) = 1, y'(0) = 0, 0 ≤ x ≤ 1 
Exact solution: y(x) = cos x + x sin x.  

Omar and Suleiman (1999) solved the above 
differential problem where the maximum errors were 
also selected. Both results are shown in Table A1 
(Appendix A).  

 
Problem 2: y" = y, y(0) = 1, y'(0) = 1, 0 ≤ x ≤ 1. Exact 
solution: y(x) = e

x
.  

The above problem 2 was also solved by Omar and 
Suleiman (1999). We solved the same problem using 
our new method and maximum errors were selected. 
The result is shown in Table A2 (Appendix A). 

 

CONCLUSION 
 

A new order nine block method which was applied 

to second order initial value problems of ordinary 

differential equations to generate numerical results has 

been developed in this study. The results generated are 

shown in Tables A1 and A2 which are better than the 

results produced by Omar and Suleiman (1999). 
 

Appendix A:  

 

Table A1: Comparison of the new method with Omar and Suleiman (1999) 

h  Exact solution Numerical solution 
Error in Omar and 
Suleiman (1999). K = 8 

Error in the new 
method. K = 8 

0.01 7.650397549979526700       7.650397550380509900     
 

6.01615E-04 4.009832E-10     
 

0.001 7.759795937206075900      
 

7.759795937206067000     
 

4.16853E-04            
 

8.881784E-15
 

0.0001 7.768432159576440700         
 

7.768432159576273800  
 

4.20700E-05
 

1.669775E-13      
 

0.00001 7.769272793381416500      
 

7.769272793372717700     
 

4.20736E-06            
 

8.698819E-12
 

 
Table A2: Comparison of the new method with Omar and Suleiman (1999) 

h  Exact solution Numerical solution 
Error in Omar and 
Suleiman (1999). K = 8 

Error in new 
method. K = 8 

0.01 2.944679551065525900      
 

2.944661540405518500     
 

1.06947E-02 1.801066E-05
 

0.001 2.740115300529943000      
 

2.740113674210062900     
 

5.93077E-04            
 

1.626320E-06      
 

0.0001 2.720457324003748800      
 

2.720455876101673300     
 

5.87659E-05
 

1.447902E-06
 

0.00001 2.718499299698846600      
 

2.718497856159629100     
 

5.87601E-06            
 

1.443539E-06       
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