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Abstract: This study deals with a general procedure for efficient estimation of multiple parameters. The proposed
technique is based on an original theorem named EXtended Invariance Principle (EXIP), which is established in the
study. The resulting method allows obtaining in some non-linear cases an efficient estimation without iterative
procedures. This new approach is applied to localize a target and estimate its speed in multistatic radar.
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INTRODUCTION

In signal processing, the Maximum Likelihood
Estimator (MLE) is known by its good statistical
properties. In fact, this estimator is asymptotically
efficient and Gaussian when the noise power tends to 0
(Cramér, 1946; Stoica and Nehorai, 1990; Ottersten
et al., 1993). But, it needs an iterative algorithm (e.g.,
Gauss-Newton) requiring an ad-hoc initializing. That is
why; it would be interesting to derive efficient
estimators which involve the iterative procedure to
avoid the associated difficult calculation of ML,
keeping its good statistical properties. A first
contribution in this study is a theorem, which provides a
general method to find that estimators and a second
contribution is to apply this theorem to a problem of
localizing in multistatic radar. The proposal theoretical
method can be considered as a generalization of
EXtended Invariance Principle (EXIP) (Swindlehurst
and Stoica, 1998).

This study is organized as follows: Section 2
presents the materials, methods and applications in
localization. To confirm our results, simulations are
performed in section 3. Finally, section 4 gives our
conclusions.

MATERIALS AND METHODS

Theoretical model: A noisy observation meR" is
related to a vector of unknown parameters e R” by
the relation:

m=s(0,)+n

where, P, < N, s(0) describes the dependence between

the non-noisy measurements and the vector of
parameters, n is and additive Gaussian noise with zero-
mean and a well-known covariance matrix Q = 5°Q, -

The MLE 8y of 6, is obtained by minimizing the
following function (Amar and Weiss, 2008):

7(0) = (m-5(0))"Q,' (m —s(0))

Except for the case where s(0) is a linear function,
there is no an explicit solution to minimize f{0).That is
why; we derive a new theorem which provides efficient
estimators.

Theorem: The theorem uses two parametrizations. The
First one, without constraint (non-constrained), it is
composed of several parameters, which have some
unused relations with each other (Bilodeau and
Brenner, 1999). The second one, with constraint
(constrained), it is only composed of parameters
without any relations with each other. The objective of
the theorem is to exploit the non-constrained estimation
results, in order to easily obtain an efficient estimation
with the second parametrization. The estimation result
will be sharper, as the last parametrization uses the
relations between the parameters. Indeed, let n be a
Gaussian vector of a well-known covariance matrix
Q=0’Q, and a mean of sdepending on a set of
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unknown parameters. Let w = (u,---u,)" eR™ be

the first parametrization (non-constrained) of the mean,
denoted by II, with an exact value u, and

T _qmP o
v=(V,:-vp ) €N be a second parametrization

(constrained) denoted by I, (exact value vy), which is
more restrictive in the sense where P <P, . Let u(v) be

the values of parameters of the first parametrization
reached by the second one. A simple calculation shows
that the expressions of the Fisher Information Matrix
(FIM) F, and F, for o = lare (Messer, 2006):

F, =(0.5),,Q,' (0,),, M
F,=(d,u), F,(0,u), @)

where, (0,s) and (9,u) are the matrices of partial

derivatives N x P, and P, x P, with respect to u and v.

Let 7 be a non-constrained efficient estimator
asymptotically Gaussian of uy:
1, . _
{(u u,)—“>N(0,F,") Q)
o o—0

Note that Fu is a consistent estimator of the FIM

(e.g. the FIM calculated with the values of estimated
parameters U instead of up). Now, consider a function

gu, v) from RExRP to RY  and let
(0.8)=[0, g v)--0, gluv)|

Theorem: The
5(v)=Hg(ﬁ,v)—g(u(v),v]\z conducts to a consistent

estimator ¥ of vO. The minimization of the criteria:

minimization of the criteria

C(v)=(g(i,v)-glu(v),v)y
(c.e) %, (@.2)")
(g(d,v)-gu(v),v)) (4)

Conducts to an efficient and asymptotically
Gaussian estimator ¥ of v,:

vo)—>“’6 N(O,F,")

where, ¥ is a consistent estimator of v, and F, is the
estimated FIM from F,:

F, =(0,uv)),F,(@0,uv), ()

Proof: Consider the function

£, = (gl v) - g, v)) Wigl,v) - glu(v),v)) Where Wis a
positive defined matrix. That function reaches its
minimal value for u = uy and v = v,. Now, it is easy to
show that for u = {i, the theorem of implicit functions
applied to the gradient of Fy provides the following
relation between the value of v (which minimize
f(0,v)) and 1.

Av:((ﬁvufaugfw @gﬁvu)‘l(avuraugrw aug)A“ +o(A“)) (6)

where Au=ii—u, and Av=9V-v,

Oy uand 0, g are evaluated at v, and (uy, Vo).

The consistency of v can be immediately deduced
from the expression (6); in particular, the consistency of
¥ in the theorem corresponds to W = 1. In addition, one
can write for the term o(Au) of Eq. (6):

Joaw]
[l

o =[
O o

when 6—0 in the above expression, (1/c) Au converges
in law to Gaussian random vector (hypothesis (3)) and
Jo(Aul)

converges
A

in probability to 0. Therefore,

converges in probability to 0 and we conclude

lo(Au)
o

according to (6) that (I/c)Av is asymptotically
Gaussian with zero-mean and a covariance matrix of:

(8vu78ugTW 8ug8vu)71 (6vuT6ugTW6ug)Fu’1
(6,6"Wa,g0,u)o,u"0,8"Wao,gdu)’

The fact W, = (a“g*T )F“ (a“gfl) conducts to the

value (8VuTF“8Vu)_1 of the above asymptotic
covariance of (1/ O')Av: this is the Cramer-Rao Bound
according to (2) of FIM. Therefore, the minimization of
Foo (4,v) conducts to an efficient and asymptotic
Gaussian estimation of v,. Finally, we can replace Wy
by any estimator W = (avg);lz;fﬁu (a“g);lQ without
changing the conclusions: the resulting -criterion
function FW (4, v) is just the criterion C(v) of the
theorem.

The originality of our theorem with respect to
method EXIP (Swindlehurst and Stoica, 1998) is the
introduction of the function g in the criterion: in fact,
the method EXIP minimizes a criterion of type
Hﬁ_u(v)Hz. Our theorem is particularly used when the

function g(@,v)—g(u(v),v) is linear with respect to v,
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since the criteria C(v) and C(V) can be exactly
minimized in this case. For example, one can easily
show that the efficient and asymptotic estimator
developed by Chan and Ho (1994) to the sources
localization (Wan and Peng, 2002; Grosicki, 2003) for
applications in mobiles localization) is a direct
consequence of our theorem. In this study, we give an
original algorithm to localize a target using a multistatic
radar.

Application in localization: Multistatic radar has N
transmitters localized at (x,,y,),.,., and one receiver

at (0, 0). Target is supposed to be displaced in a plane.
Its exact coordinates are denoted by (x,,y,) and its

speed  coordinates (on’vyo)' Our vector of

measurements m=(5, -5, 51--6y)" consists of N

propagation distances between the receiver and the
transmitters 1, 2, ..., N and Nobtained derivatives of the
propagation distance by the Doppler measurements. Let
us introduce some notations:

n=y( %)+ —) (1<i<N)

and r:dxé +y§

di:on(xo_xi)""’yo(yo_yz') (lSiSN)
V& =507 + (g -0,

and g VioXo V0D

[ 2
Xy T Vo

The expressions of exact measurements (noiseless)
for the transmitter i are:

(1I<i<N)

S, =r+r and & =d, +d

Assume a Gaussian noise with zero-mean and a
well-known covariance matrix Q =2Q, is added to
the measurements. The developed procedure below, can
be considered as a multiple application of our theorem.
In the different steps of the method, we use u, v, G, ¥, 0
and ¥ with the exponent ) for the parametrization i.

Step 1:

Parametrization 11,: u

is equal to the vector of
measurements m (vector of R*M). Its FIM is
F, =Q~'. The objective now is to find a linear

relation between the parameters (x,,y,,v,,,v,,) and

u which yields new unknown parameters. In this

context, Chan and Ho (1994) gives the method to
obtain the following relation for the transmitter i:

uf”z —2uNr=x+yl —2x,x, - 2.y,.y, (7

Note that the first part of measurements
(propagation distances) and some exact parameters
(x,,v,) are related by a linear relation, if we consider
r as an unknown parameter. For the measurements of
derivatives of the propagation distance, we have the
following relation:

rd,—rd=-v_x, - ViV
We can obtain another relation:

rd,—rd=rd +rd —rd—-rd,

_ ., (1) 1) (1)
rd, —rd=u; ) u’ —du;’ —ru),

Combining the obtained two equations, we will
obtain the following relation:

(1)

1) 1 1) —
uiyu? —dul) —ru)y =—v x, —v.y, (8)

Equation (8) is a linear relation between u'” and
the exact parameters if we consider d as an unknown
parameter.

Parametrization I1,: v(1) is a vector of RO Its exact

value v —(v Voy Voa Vou Vs V )T has some
0o - 01 Y02 Y03 Y04 Y05 Y06

components related to (x,,v,,v.0,V,0) BY Vo =%;>

Voo Vo> Vo3 TVios Vos =Vyoo Vos =7 and vy, =d.
The left side of Eq. (7) and (8) allows to obtain

g(u(v),v), while the right side gives g(u,v). It is

possible to minimize the criterion C(v) and then to

yield a consistent estimator V" . Using this consistent
estimator, we can calculate the matrix (4) 0,g:

2w —2F - 0 0 - 0
& | 0 2wl =27 0 0
| u® —d 0 W-F 0

0 ufly-d 0w T

We can obtain an efficient estimator v of vO(D

by minimizing the criterion C(v). Finally, we calculate
the FIM of VO(D (2) using the following matrix 9 u(v)
-2x, -2y, O 0 2u®” 0

ou(v) | -2xy —2yy 0 0 2uy 0

1) 1)

ov 0 0 N T Uya W
1) )

0 Xy TN Uyy Uy
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At the end of this first step, the problem is over
parametrized (there are relations between parameters)
and the estimation can be improved by taking into
account the relations between parameters. The last
conduct to the objective of the following steps, which
can be running by successive applications of the
proposed theorem. For more clarity, one only gives the
flow chart of different steps.

Step 2: This step is only a change of variable.
Parametrization T,: u® is equal to the estimate o'
(vector of ®°). It means that F , =F , . Let us

)

introduce two new parameters: z = x.v_ and z, =y,

@ is a vector of R°. Its exact

o ( y
Vo' = Wor Vo2 Vos Yoa Yos Vos

components related to (X05 Y05 V205 V50) by v, =x,,

Parametrization I1,. v

value has some

Voo = Vo> Vos = Zyx0» Yoa =Zy0> vy =r and vy =d.
The above relations allow to determine g(u(v), v)

and g(u,v) and then we have an efficient estimator

V®of v, Finally, we find the FIM F ,, of 9.

Step 3:
Parametrization T: v is equal to the estimate V
(vector of R®°). Tt meansthat F , =F .

(2)

(3)

Parametrization I1,: v’ is a vector of R°>. Its exact

() _ T
value v;” = (Vm Vor Vos Vo Vos) has some components

related

Then we obtain the efficient estimate v and its
FIM va .

Step 4:
Parametrization I,: u® is equal to the estimate V
(vector of %°). It means that f , =F .

) 3)

(4)

Parametrization I1,: v'"’ is a vector of R*. Its exact

4 _ r
value v{" = (vy, Vo Vos Vos ). has some components
2 4,2
related to (XO’yO’vXO’vyO) by Voo =%o> Yoo =Vo>
_ _ 2
Yoz =Zx0> Vou _zyoand Vor ¥ Vo =7+
Then we obtain the efficient estimate ¥ and F _,, .
v

Step 5: this step is only a change of variable.

© )

Parametrization M,: u® is equal to the estimate ¥

(vector of %*). It means that F | =F , .

5

Parametrization 11,: v is a vector of R*. Its exact

@ _ r
value V(¥ = (v, vy, Vs Vs, )| has some components

related to (xo’yo,vxo’vyo) by Vor =Xg> Voo =Vo»
Vos = Vxo and Vos =Vyo-
Then we obtain the efficient estimate v (and then

0) and its FIM IATV(S) .

SIMULATIONS RESULTS

Suppose that we have 6 transmitters localized at

b = =
(XanOanoavyo) Y Vo =Xgo Ve =Yg {(0’0_5);(1()’ 0);(8,7);(0,3);(4,9);(, 2)} km. Target
Vos =Zy> Vs =r and v d =z, +z . is at (5, 5) km and its speed is (80, 80) m/s. A white
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Fig. 1: CRB of % (-) and Variance of £ (+)
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Gaussian noise of covariance matrix Q=¢"I,, is added

to the measurements. Variances are estimated based on
1000 tries. They are compared to the Cramer-Rao
Bound (CRB) for each parameter and sketched in terms

of 20.log,, o - Figure 1 and 2 show us the results of X

and V_, while the results for of » and \3y are shown

on Fig. 3 and 4. Performances are very close to CRB
and show that the criterion is asymptotically efficient
by the proposed method.

CONCLUSION

The proposed method allows to obtain an efficient
estimator without any iterative procedure. After the
presentation of the theorem on which the method is
based, we have applied to a problem of localization
using a multistatic radar. Simulation results approve the
theory.

Conflict of interest: Conflict of interest is in channel
estimation, detection and array processing.

REFERENCES

Amar, A. and A.J. Weiss, 2008. Fundamental
limitations on the resolution of deterministic
signals. IEEE T. Signal Proces., 56(11): 5309-
5318.

Bilodeau, M. and D. Brenner, 1999. Theory of
Multivariate  Statistics. Springer-Verlag, New
York.

214

Chan, Y.T. and K.C. Ho, 1994. A simple and efficient
estimator for hyperbolic location. IEEE T. Signal
Proces., 42(8): 1905-1915.

Cramér, H., 1946. Mathematical Methods of Statistics.
Princeton University Press, Princeton.

Grosicki, E., 2003. Techniques Avancées du Traitement
d’Antennes pour la Localisation de Sources. Ph.D.
Thesis.

Messer, H., 2006. The hybrid Cramer-Rao lower bound
- from practice to theory. Proceeding of 4th IEEE
Workshop on Sensor Array and Multichannel
Processing (SAM). Waltham, MA, pp: 304-307.

Ottersten, B., M. Viberg, P. Stoica and A. Nehorai,
1993. Exact and Large Sample Maximum
Likelihood Techniques for Parameter Estimation
and Detection in Array Processing. In: Haykin, S.,
J. Litva and T.J. Shepherd (Eds.), Radar Array
Processing. Springer, Berlin, Heidelberg, 25: 99-
151.

Stoica, P. and A. Nehorai, 1990. Performance study of
conditional and unconditional direction-of-arrival
estimation. IEEE T. Acoust. Speech, 38(10): 1783-
1795.

Swindlehurst, A.L. and P. Stoica, 1998. Maximum
likelihood methods in radar array signal
processing. P. IEEE, 86(2): 421-441.

Wan, Q. and Y.N. Peng, 2002. Enhanced linear
estimator for mobile location wusing range
difference measurements. IEICE T. Commun.,
E85-B(5): 946-950.



