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Abstract: The Chernoff bound on Pair-Wise Error Probability (PWEP) performance of orthogonal space-time coded 
CPM (OST-CPM) systems is investigated, for two transmit antennas, over spatially correlated channels. 
Approximate Chernoff bound for high Signal-to-Noise Ratio (SNR) is derived to evaluate the diversity gain and 
coding performance in correlated channels. The achievable diversity gain of this system decreases due to the signal 
correlation between the antennas. Simulation results show that the error performance over a correlated channel is 
degraded when the correlation coefficient increases. And the penalty on the code performance increases a lot in fully 
correlated channels. It can also be seen that the diversity gain decreases when the channel is fully correlated, which 
matches well with the theoretical analysis. The upper bounds can be looser when diversity order decreases. 
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INTRODUCTION 

 
Space-time coding has shown considerable promise 

for reliable transmission over wireless fading channels 
by efficiently employing diversity. It is an efficient 
scheme to overcome the effects of multiple-path fading 
and increase the data rate for wireless communication 
systems  (Foschini,  1996;  Altamonte,  1998;  Tarokh 
et al., 1998, 1999a; Naguib et al., 1998; Baro et al., 
2000). An Orthogonal Space-Time coding (OST) 
design was proposed by Altamonte (1998), which 
improves the capacity of wireless communication 
systems. This scheme achieves a full diversity gain with 
a simple maximum-likelihood (ML) decoding of 
multiple symbols to be reduced into ML decoding of 
individual symbols, due to the orthogonality. This idea 
has been extended to a general number of transmit 
antennas (Tarokh et al., 1999b). The Continuous Phase 
Modulation (CPM) has the characteristics of constant 
envelope and phase continuity. Therefore CPM has 
become an attractive scheme for the data transmission 
over both bandwidth and power limited links such as 
mobile satellite communications (Aulin et al., 1981; 
Proakis, 1983; Anderson et al., 1986). 

Combining CPM with space-time coding (STC-
CPM) can provide better performance in wireless 
communications. It can not only provide power and 
bandwidth efficiency but also achieve diversity and 
coding gains without sacrificing data rate or bandwidth 
(Zhang and  Fitz,  2003;  Wang  and Xia, 2004; Wang 
et al., 2005; Zajic and Stuber, 2009; Wang and 

Abeysekera, 2011; Hesse et al., 2011). Zhang and Fitz 
(2003) recently proposed a trellis-coded space-time 
CPM (TC-ST-CPM) system, where design rules and 
code constructions were derived to achieve full 
diversity. Wang and Xia (2004) and Wang et al. (2005) 
extended Alamouti's orthogonal encoding criterion to 
CPM signals and designed orthogonal space-time coded 
CPM (OST-CPM) systems. Modifications during every 
symbol period were made to ensure the phase 
continuity and orthogonality of the CPM waveforms 
transmitted over different antennas. 

Chernoff bounds on Pair-Wise Error Probabilities 

(PWEP) have been used to analyze the performance of 

Multiple Input Multiple Output (MIMO) wireless 

communication systems (Hochwald and Marzetta, 

2000; Hughes, 2000). In multiple antenna systems, 

insufficient antenna spacing, angle spread and the lack 

of rich scattering may cause spatial correlation between 

antennas. Bolcskei and Raj (2000) and Uysal and 

Georghiades (2001) studied the effect of spatial 

correlation on the PWEP of the space-time code in slow 

Rayleigh fading channels. In this study, we derive 

Chernoff bound for Maximum Likelihood Sequence 

Detection (MLSD) algorithm of the OST-CPM system 

in a correlated quasi-static Rayleigh-fading channel. 

Approximate Chernoff bound and achievable diversity 

gain is derived for high scattering Signal-to-Noise Ratio 

(SNR). The Frame Error Rate (FER) performances of 

OST-CPM systems in correlated and uncorrelated 

channels are simulated and compared with each other. 
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SYSTEM MODEL 
 

In this study, a wireless communication system 
with nT transmit and nR receive antennas is considered. 
For simplification we just focus on the baseband 
equivalent block diagram of the OST-CPM system 
which is shown in Fig. 1. 

We define an nT×L space-time codeword matrix X 

as the input of space-time coded modulator, obtained by 

arranging the transmitted sequence in an array as: 

 

      (1)

        

where, the i-th row xi =[xi,1, xi,2, …, xi,L] is the data 

sequence transmitted from the i-th transmit antenna. 

Then the OST-CPM signals are simultaneously 

transmitted from the nT transmit antennas. 

The transmitted signal at the i-th antenna can be 

represented as: 

 

       (2) 

 

        (3) 

 

where,  

Es  = The symbol energy  

T = The symbol period  

φ (t, xi)  = The carried phase information 

h  = The modulation index  

 = The phase smoothing response        

function 

g(t)  = The pulse shaping function, which is 

nonzero only at the limited time period 

0≤t≤LT (L is the modulation memory) 

and it decides the smoothness of the 

transmitted phase. Then  the transmitted 

signals from the nT transmit antennas at 

time t can be represented by a nT×1 

column vector St,: 

       (4) 

 

Wang et al. (2005) extended Alamouti's encoding 

rule to CPM, where a design methodology was 

presented such that the signals s1 (t, x1) and s2 (t, x2) 

from the two transmit antennas over two symbol 

periods are orthogonal, i.e., the rows of the matrix: 

 

        (5) 

 

are orthogonal for each t. In this study, full response 

CPM signals (L = 1) are mainly considered. In order to 

ensure the orthogonality between two waveforms s1 (t, 

x1) and s2 (t, x2), a second phase smoothing response 

function q0(t) is introduced with q (0) = q0 (0) = 0, q0 (T) 

= q0 (T) = 1/2. 

For wireless mobile communications, each link 

from a transmit antenna to a receive antenna can be 

modeled by flat fading, if we assume that the channel is 

memory less. The MIMO channel with nT transmit and 

nR receive antennas can be represented by an nR×nT 

channel matrix H. At time t, the channel matrix H is 

given by: 

 

                   (6) 

 

where hi,j (t) is the correlated fading coefficient for the 

path from the i-th transmit antenna to the j-th receive 

antenna and is modeled as a complex Gaussian random 

variable with zero mean and variance σ
2
, implying that 

the amplitude of the path coefficients are modeled as 

Rayleigh fading. In terms of the coefficient variation 

speed, we only consider quasi-static fading channels. It 

is assumed that the fading coefficients are constant 

during  a  frame  and  vary  from  one  frame to another 

which means that the symbol period is small compared 

to the channel coherence time. So the fading coefficient 

hi,j (t) can be simplified as hi,j. 

 A slightly less general but more useful model 

considers correlations on transmit and receive sides 

 

 

Fig. 1: Simplified base-band equivalent block diagram of ST-CPM system 
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separately. The transmit correlation matrix is 

represented as RT while receive correlation matrix is as 

RR. The coefficient matrix in correlated channels is 

represented as (Chuah et al., 2002): 

 

    (7) 

 

where,  Hw is a i.i.d. channel fading coefficients matrix. 

At the receiver, the signal at each receive antenna 

is a noisy superposition of the nT transmitted signals 

degraded by channel fading. At time t, the received 

signals at the j-th antenna can be written as: 

 

     (8) 

 

where, nj (t) is the noise component of the j-th receive 

antenna at time t, which is modeled as a zero-mean 

complex Gaussian random variable with power spectral 

density N0 per dimension. 

 

PERFORMANCE ANALYSIS 

 

The optimum decoding and demodulation of OST-

CPM system is Maximum Likelihood Sequence 

Detection (MLSD) algorithm, which could be 

expressed as: 

 

        (9) 

 

The Pair-Wise Error Probability (PWEP) 

conditioned on H can be approximated by Wang et al. 

(2005): 

 

              (10) 

 

where,  is a modified Euclidean 

distance between the two space-time coded CPM signal 

matrices S (X) and :  

Let  

 

               (11) 

 

By using Graig's formula for the Gaussian Q function: 

                          (12) 

 

we can rewrite the conditional PWEP: 

 

      (13) 

 

In order to calculate the average PWEP, we 

average (13) with respect to the distribution of Г. The 

average PWEP can be represented in terms of the 

moment generating function (MGF) of Г, which is 

given by: 

 

                               (14) 

 

Thus the average PWEP can be represented as: 

 

             (15) 

 

Equation (11) can be rewritten as: 

 

                       (16) 

 

where  is a nT×nT signal difference matrix 

as shown in Eq. (19). 

And: 

 

             (17) 

 

Therefore the PWEP can be represented as 

(Hedayat et al., 2005): 

 

           (18) 
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where µi and λj are the Eigen values of matrices 

 and RR respectively. Equation (18) is the 

Chernoff bound for the PWEP. When the SNR is high, 

the upper bound can be simplified as Tarokh et al. 
(1998): 

 

         (20) 

 

where, r and  are the ranks of B(�, ��)RT and RR 
respectively. µi(i = 1, 2, … ,r)  and λji(i = 1, 2, … ,r)   

are the nonzero eigenvalues of B(�, ��)RT and RR. In 
the high-SNR regime, the diversity order of a pair of 
codewords of the OST-MCPM system is the exponent 
of SNR, i.e.: 
 

  

 
For the special case of fully correlated channel 

where , the diversity order  is 1. 

For i.i.d. channels, the spatially correlated channels are 

, . Consequently, the achievable 

diversity gain could be represented as

. 

The typical scenario in the wireless channel 
environment is partial channel correlation. The channel 
correlation matrices RT and RR  are nonnegative definite 
Hermitian matrices of a Toeplitz form. 

 and . 

Obviously the correlation matrices RT and RR will 
always have full ranks. Thus the diversity order is the 
same as that in i.i.d. channels. 

In order to achieve full diversity, �(�, ��) should 
be full rank. The waveform difference from the nT 
transmit antennas should be linearly independent over 
the complex field. That is to say, for any complex 

numbers c  = [c1, c2, …, ], there exists a , such that 

(Wang et al., 2005): 
 

                           (21) 

 
unless c1 = c2 = …= cnT = 0. 

Because the transmitted signals from the nT 

antennas are orthogonal, the transmitted signal matrix S 

(t, X) is unitary. Thus it is easy to see that the OST-

CPM satisfies the above condition of full rank. 

Therefore, in i.i.d. or partially correlated channels the 

OST-CPM system can achieve full diversity. 

Finally we will analyze the encoding performance 

variation of the OST-CPM system when the MIMO 

channels are correlated. In independent MIMO fading 

channels, the correlation coefficient matrices RT and RR 

are unit with nT and nR nonzero eigenvalues 

respectively, which is: 
 

     (22) 

 

 B(�, ��) RT and RT are independent and RT has 

full rank, thus the rank of B(,�, ��)RT is the same as 

the one of B(�, ��)RT. The product of B(,�, ��)RT all 

the nonzero eigenvalues µi (i =1,2,…,r) of equals to 
the product of the nonzero eigenvalues 

 of  and the ones 

 of RT: 

 

      (23) 

 
and 
 

                                        (24) 

 
For independent MIMO channels, the PWEP 

upper bound of OST-CPM could be simplified to: 
 

            (25) 

 
When the MIMO channel is partial correlated, 

matrices RT and RR is full rank. The PWEP upper bound 
could be represented as: 

 

      (26) 

 
For full rank matrices RT and RR with Toeplitz 

form, all the eigenvalues  and λj(i = 

1, 2, … ,nR)   are nonzero and the multiplication of 
all eigenvalues is smaller than 1. Thus: 
 

                             (27) 

 

The PWEP upper bound is increased for Eq. (26) 

with independent MIMO channels. Finally we have 

deduced that the encoding performance of the OST-

CPM system in partial correlated channels is degraded 

than in independent channels. 
 

SIMULATION RESULTS 
 

In this section, some simulation results are 
presented to evaluate the FER performances and the 
approximate Chernoff    bounds    of    the   MLSD  
over    quasi-static  Rayleigh  fading channels. The FER 
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Fig. 2: FER performance of OST-4CPM with two transmit 

antennas and one receive antenna 

 

 
Fig. 2: FER performance of OST-4CPM with two transmit 

antennas and two receive antennas 

 

results of this algorithm are plotted against Eb/N0. OST-

CPM systems of full response CPM signals with two 

transmit antennas are considered. The number of 

receive antennas is one and two. The modulation level 

M  is chosen to be 4, while the modulation index h = 

1/M. The pulse shaping functions g(t) and g0(t)  are 

chosen to be 1REC and 1RC, respectively. The transmit 

and receive antenna correlation matrices are given by: 

 

       (28) 

 

for the two transmit and two receive antennas system. 

 

Figure 2 and 3 show the FER performance of the 

MLSD algorithm for the OST-4CPM system over 

Rayleigh fading channels. It can be seen from the 

figures that the system in uncorrelated MIMO channels 

(ρt = ρr = 0) has the same diversity gain as that of the 

system over partially correlated channels (0<ρt<1, 

0<ρr<1). When the channel is fully correlated the 

diversity gain decreases, which matches well with the 

theoretical analysis. From Fig. 2 we can see that the 

performance over a correlated channel is degraded by 

approximate 2dB at a FER of 10
-2

, when the correlated 

indexes ρt increases from 0 to 0.7. And the penalty on 

the code performance increases to over 10dB at the 

same FER in fully correlated channel. It can also be 

observed from the two figures that the upper bounds are 

looser when the diversity is low, e.g., if the number of 

receive antennas is small, or the transmit or receive 

antennas are fully correlated. 

 

CONCLUSION 

 

The effect of the spatial correlation on MLSD of 

OST-CPM system over Rayleigh fading channels was 

investigated in the study. The PWEP upper bound of 

OST-CPM systems was deduced to evaluate the 

achievable diversity gain over quasi-static Rayleigh 

fading channels with spatial correlation. Due to the 

orthogonality and the constant envelope, the OST-CPM 

system in partially correlated channels can achieve full 

diversity. The simulation results well match the 

theoretical analysis. 
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