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Abstract: Tumor growth models as nonlinear systems have some equilibrium points. In clinical situations, the
desirable equilibrium point is the state that the competition between the populations of tumor cells and immune cells
tend to the state in which the sizes of these populations do not vary (dormancy mode) or populations of tumor are
zero (free tumor mode). In this study, a feedback nonlinear control for tumor growth model is designed so as to
stabilize the unstable desirable equilibrium points based on Lyapunov stability theory. The aim is to steer the state
trajectories to the desirable equilibrium point in order to treat cancer disease. The efficiency of the proposed method

is shown in the simulation part.
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INTRODUCTION

Cancer is one of the mortality diseases in the world
which kills a lot of people. So, researchers have been
taking it into account and have been proposing a lot of
methods in order to treatment cancer diseases. The
growth of tumor cells for cancer is very complex in
nature as it involves many biological factors. Cancer is
caused due to unnatural growth of malignant cells
which form tumor. The malignant cell that causes
tumor also affects the normal and immune cells of
human body till treatments are started.

Different dynamics of the cancer development can
be described in four states. They are included:
uncontrolled tumor growth, tumor dormancy (the
populations of normal cells and malignant cells coexist
together with blocked sizes in steady-state condition),
tumor recurrence and tumor remission. Desirable
clinical conditions are the cases of tumor dormancy and
tumor remission since in these equilibria the population
size of tumor cells can be limited to low or null values.
In other words, in desirable equilibria state, the size of
tumor population is few or tends to zero (tumor free)
(Merola et al., 2008).

To understand the behavior of complex tumor
growth, mathematical modeling of cancer has been of
great interest. The mathematical modeling of tumor
growth and treatment has been approached by a number
of researchers over the past decades (Devi and Ghosh,
2112). These models describe interaction and
competition between tumor cells and immune cells
(D’Onofrio et al., 2012; Chang et al., 2003; Pillis et al.,
2006; Cappuccio et al., 2007; Caravagna et al., 2012;
Pillis and Radunskaya, 2003).

As it is obvious, in real world, in some cases it is
not possible to perform experiment in order to treatment
on real patients because of risks. So, a model that
describes the features of a system is necessary. In this
case, different controlling methods in order to treat
cancer diseases can be tested on models. After proving
the theoretical research, scientists and clinicists try to
make it applicable in real world. Tumor model as a
nonlinear system has some equilibrium points, where
some of them are desirable in clinical view. The goal of
cancer treatment is to elimination of tumor cells. So, a
controller can be design to drive the trajectories to the
state which is called desirable equilibrium point. The
desirable equilibrium point is the state that population
of tumor cells tends to zero or the size of the
populations of malignant cells and immune cells do not
vary. In this study, we choose the non-dimensionalized
ODE model which is presented by Pillis and
Radunskaya (2003) and Lisette et al. (2005).

In this study, according to the model of tumor
growth which is nonlinear and indisputable advantages
of nonlinear control in terms of transient response,
stability and robustness to uncertainties, nonlinear
control methods have outweigh in comparison with
linear control. So, we design a nonlinear feedback
control so as to stabilize the unstable desirable
equilibrium points of tumor growth model based on
Lyapunov stability theory. This controller can steer the
state trajectories to the desirable equilibrium point so as
to eradicate tumor cell or reduce the amount of tumor
cells. The simulation results show the efficiency of the
presented method.
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THE MATHEMATICAL MODEL

The model is basically an ordinary differential
equation whose state variables are population cells
which are included tumor cells and two types of
immune cells. A tumor logistically grows in absence of
immune response. The below model is an accepted
growth model for tumors and is based on fitting the data
in Pillis et al. (2006):
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The populations at time t are represented by: T (t),
the population of tumor cell, N (t), the total population
of NK cell and L (t), the total population of CD8+T
cell. NK and CD8+T cells are capable of killing tumor
cells (Diefenbach et al., 2001; Kawarada et al., 2001;
Germain, 2004). What is more, they respond to tumor
cells by developing and increasing cytocytic activity
(Kieper et al., 2001; Osada et al., 2004). NK cells
naturally exist in the body with or without tumor cells
due to their nature (Roitt and Brostoff, 1993). Active
tumor-specific CD'8 only present in large numbers
when tumor cells are present (Kirschner and Panetta,
1998; Roitt and Brostoff, 1993) When NK and CD8+T
cells encounters with tumor cells after some contact
with tumor cells it leads to inactivation (Adam and
Bellomo, 1997).

Where the constants values is as follows:
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And initial densities:
T (0)=1000, N (0) =515530, L (0) = 1000 (5)

STABILITY ANALYSIS

By setting the derivatives in each of these
equations to zero and examining the intersection of null
surfaces, we can calculate the equlibria for the model.
On each of these surfaces, each cell population is
constant. Therefore, at intersections between all three
surfaces, there exist equilibria since then all populations
will remain constant. The equations for the three null
surfaces in the model are described below in terms of N
as functions of T and L:
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According to above equations for the tumor model,
three equilibria exist and are included: high tumor, low
tumor and tumor free. The tumor-free equilibrium for
all three state variables is given by (T, Ng , Lg) = (0,
6/f, 0). In the case, where Tg # 0, the equilibria are
determined by finding the simultaneous solutions of
Eq. (1), (2) and (3) (Pillis et al., 2006). With respect to
the fact that eradication of tumor cells (steering the
trajectories to Eg) is desirable, values of equilibrium
points for a non-zero tumor are not significant in our
research and the best state in clinical view is the one
which tumor cells are zero. Since the stability of
equilibria is important from a physiological viewpoint,
Stabilization of the equilibria has done by determining

the stability of the linearized system. At the tumor-free
equilibrium, E, = (0,;, 0) the Jacobian matrix

becomes:

a—QOO
S

f (7)

Therefore, the eigenvalues of the system linearized
about the tumor-free equilibrium are:
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Since f, m>0, A, and A; are always negative, the
tumor-free equilibrium Ej is stable if and only if:

af

A = a—£< 0 & c>—.
o

NONLINEAR FEEDBACK CONTROL
AND STABILIZATION

In this section, we will study the problem of
nonlinear feedback control and stabilization of tumor
system about its equilibrium points. For this purpose,
consider model (1-3) with controlling inputs as follows:
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where, u;; (i = 1, 2, 3) are controlling inputs. Without
loss of generality, we suppose that T = x;; N =xp; L =
x; and will obtain the equations of perturbed states
about the desirable equilibrium point by representing
the following new variables:

n=x+X,

,=X,+x,, n,=X,+tX,

(11)
where, x;; 1 = 1, 2, 3 denote the coordinates of the

equilibrium point E,. Substituting (11) into (1-4) leads
to the following system:
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Theorem 1: Using the nonlinear feedback control
inputs:
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Fig. 1: Trajectories of desirable equilibrium point with controlling inputs
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The unstable desirable equilibrium point of the
system (1-4) will be globally asymptotically stabilized.

Proof: To proof the above theorem, Lyapunov stability
theorem is used to obtain the control inputs and to
prove the asymptotic stability of the system (1-4)
around its desirable equilibrium point. Consider the
nonlinear system (12-14) with three state variables #;; (i
= 1; 2; 3) and three control inputs u; (i = 1; 2; 3) with 7);
a definite functions #; of and u;. One choice as the
candidate Lyapunov function of the system (12-14) can

1 .
be V. (M, M, M) = E(nf+n§+n§). The time

derivation along the trajectories of the system (12-14)
is:
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The optimal trajectories: In order to obtain the
optimal trajectories, we substitute the control inputs
(15-17) into system (12-14). Therefore, the optimal
trajectories can be obtained by solving the following
system:

¢
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Therefore the optimal trajectories 1j; can be written
as follows:

7 o=ce

n,=ce”,

mo=ce ™ (20)
SIMULATION RESULTS

In this section, we have shown the simulation
results for the tumor system (1-3) to represent the
feasibility of the nonlinear control with nonlinear

control inputs v;: i = 1, 2, 3. And have concluded that
the desirable unstable equilibrium point of the tumor
system can be asymptotically stabilized. Numerical
examples for this system were carried out for
parameters values (2) and initial densities (3). The
following figures display the stabilized behavior of the
tumor system about the unstable equilibrium point and
its control functions inputs (Fig. 1).

CONCLUSION

In this study, a nonlinear feedback control law in
order to stabilize the unstable desirable equilibrium
point and steering the state trajectories of system to this
point is proposed. The stability of the equilibrium point
of this system is studied based on the Lyapunov
linearization approach. Numerical simulations are
included to demonstrate the effectiveness of the
proposed technique. MATLAB has been used for
computations in this study.
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