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Abstract: In this study, we have introduced the notion of I'-fuzzification in I'-AG-groupoids which is in fact the
generalization of fuzzy AG-groupoids. We have studied several properties of an intra-regular
[-AG""-groupoids in terms of fuzzy I'-left (right, two-sided, quasi, interior, generalized bi-, bi-) ideals. We have
proved that all fuzzy I'-ideals coincide in intra-regular F—AG**—groupoids. We have also shown that the set of fuzzy
I" -two-sided ideals of an intra-regular F-AG**-groupoid forms a semilattice structure.
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INTRODUCTION

The real world has a lot of different aspects which
are not usually been specified. Models for problems in
almost all fields of knowledge like engineering, medical
science, mathematics, physics, computer science and
artificial intelligence, can be constructed. Some times
the models are very difficult to handle and the possible
solutions may be impossible. Therefore, the classical set
theory, which is precise and exact, is not appropriate for
such problems of uncertainty.

In today's world, many theories have been
developed to deal with such uncertainties for instance
fuzzy set theory, theory of vague sets, theory of soft
ideals, theory of intuitionistic fuzzy sets and theory of
rough sets. The theory of soft sets has many applications
in different fields such as the smoothness of functions,
game theory, operations research, Riemann integration
etc. The basic concept of fuzzy set theory was first given
by Zadeh (1965). Zadeh (1965) discussed the
relationships between fuzzy set theory and probability
theory. Rosenfeld (1971) initiated the fuzzy groups in
fuzzy set theory. Mordeson et al. (2003) have discussed
the applications of fuzzy set theory in fuzzy coding,
fuzzy automata and finite state machines.

Abel-Grassmann's groupoid (AG-groupoid) is the
generalization of semigroup theory with wide range of
usages in theory of flocks (Naseeruddin, 1970). The
fundamentals of this non-associative algebraic structure
were first discovered by Kazim and Naseeruddin (1972).
AG-groupoid is a non-associative algebraic structure
mid way between a groupoid and a commutative
semigroup. It is interesting to note that an AG-groupoid
with right identity becomes a commutative monoid
(Mushtaq and Yousuf, 1978).

The concept of a I -semigroup has been
introduced by Sen (1981) as follows: A non-empty set

S is called a I'-semigroup if xqye S and
(xay) Bz =xa(ypz) forall .5 and a,Bel. A
I"-semigroup is the generalization of semigroup.

In this study we characterize I" - AG" -groupoids
by the properties of their fuzzy I -ideals and generalize
some results. A I -AG-groupoid is the generalization
of AG-groupoid. Let S and I" be any non-empty sets.
If there exists a mapping §xT'xS — § written as (y, 4, y)
by xay,then § is called al -AG-groupoid if xay e S
such that the following I -left invertive law holds for all
xyzeSand a,feT (xay)pz = (zay)px.

A T"-AG-groupoid also satisfies the I -medial law
for all w,x,y,z€ S and ogﬁ,)/el—‘

(wax)B(yyz) = (way) f(xz).

Note that if a I" -AG-groupoid contains a left
identity, then it becomes an AG-groupoid with left
identity.

A T' -AG-groupoid is called a I" - AG"-groupoid
if it satisfies the following law for all x,y,ze€ S and
a,fel’ xa(ypz) = ya(xpz).

A T'- AG"-groupoid also satisfies the I -
paramedial law for all w,x,y,z€ S and a,B,yel

(wa) B(yyz) = (zay) B(xyw).
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PRELIMINARIES

The following definitions are available in Shah and
Rehman (2010).

Let S bea I' -AG-groupoid, a non-empty subset
A of § is called a I' -AG-subgroupoid if ayb € 4
forall g,be Aand yel" orif ATAc A.

A subset A ofa I' -AG-groupoid § is calleda I’
left (right) ideal of S if STAc 4 (AT'S < 4) and
A iscalled a I' -two-sided-ideal of S ifitis botha I
-left ideal and a I -right ideal.

A subset A ofa I' -AG-groupoid § is calleda I’
-generalized bi-ideal of S if (AT'S)['4  A.

A sub I' -AG-groupoid A of a I -AG-groupoid
S is called a I"-bi-ideal of S if (AFS)FA cA.

A subset A of a I'-AG-groupoid S is calleda I’
-interior ideal of S if (STA)I'S C 4.

A subset A of a I'-AG-groupoid S is calleda I"
-quasi-ideal of S if STAN ATS c A.

A fuzzy subset f of a given set S is described as
an arbitrary function f : § —[0,1], where [0,1]the

usual is closed interval of real numbers.
Now we introduce the following definitions.

Let f and g be any fuzzy subsets of a ' -AG-
groupoid S, then the I" -product fo_g is defined by

v {f(b) A g(c)},if 3b,ceS>a=bac wherea €T.

(f °r g)(a) - {HMO, otherwise.
A fuzzy subset f of a I' -AG-groupoid S is

called a fuzzy I -AG-subgroupoid if

f(xay)2 f(x)A f(y) forall x , yeS and a e T.
A fuzzy subset [ of a I’ -AG-groupoid S is

called fuzzy I -left ideal of S if f(xay)> f(y) for
all x , yeS and g eT.

A fuzzy subset [ of a I’ -AG-groupoid S is
called fuzzy I -right ideal of S if f(xay)> f(x) for
all x , yeS and o el

A fuzzy subset f of a I' -AG-groupoid S is

called fuzzy I -two-sided ideal of § if it is both a
fuzzy I -left ideal and a fuzzy I -right ideal of S.

A fuzzy subset f of a I' -AG-groupoid S is
called fuzzy I  -generalized bi-ideal of S if
f((xap)fz) > f(x)A f(z), forall x, y and z€ S
and o, S eT.

A fuzzy T-AG-subgroupoid f of a I' -AG-
groupoid S is called fuzzy T -bi-ideal of S if

F((xay)Bz)= f(x)A f(z) ,forall x , y and z€ S
and o, B eT.

A fuzzy subset f ofaT -AG-groupoid S is called
fuzzy T -interior ideal of S if f(xay)Bz)= f(y)
Jorallx,y andzesand o, B eT.

A fuzzy subset f ofaT -AG-groupoid S is called
fuzzy I -interior ideal of S if (fo. S)N(So, f)c f-

['-FUZZIFICATION IN ['-AG-GROUPOIDS

Example 1: Let §={1,2,3,4,5,6,7,8,9} . The following

multiplication table shows that S is an AG-groupoid
and also an AG-band:

1 23 456 789
{1 473628295
29 2571 4863
3]6 8 359 2417
4159 2471 6 38
513 6 82591 74
671 48 3 6 9 5 2
718 36 925741
812591 47 3 86
914 71 6 8 3 529

Clearly S is non-commutative and non-associative
because 23 =32 and (42)3 = 4(23).
Let TI'={a,p} and define a mapping

SxI'x§—>S by aab=a’hand qpp=qp*> for all
a,be S. Then it is easy to see that S is a I -AG-

groupoid and also a I"-AG-band. Note that S'is non-
commutative and non-associative because 9ol # 1a9
and (6a7)38 # 6a(78).

Example 2: Let I'={1,2,3} and define a mapping
ZxI'xZ—>7Z by apb=b-f-a—-pf—z for all
a,b,zeZ and pel, where " — " is a usual

subtraction of integers. Then Z is a I"-AG-groupoid.
Indeed

(@pbye=(b-f-a-p-2c=c—y-(b-P-a-p-2)-y-z
=c—y-b+pf+a+f+z—y—z=c-b+2F+a-2y.

And

(epbya=(b-f-c-p-pm=a-y-(b-f-c-f-2)-y-=
=a-y-b+pf+c+pf+z—-y—z=a-2y-b+2f+c
=c—-b+2f+a-2y.

Which shows that (afBb)yc = (cBb)ya for all
a,b,ceZ and g yel. This

generalizaion of a I" -AG-groupoid given by Shah and
Rehman (2010).

example is the
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Example 3: Assume that S is an 4G-groupoid with left
identity and let T ={1}. Define a mapping
SxI'x S —)Sby xly=xy for all x,y€eSs, then S is
a I -4G-groupoid. Thus we have seen that every 4G-
groupoid is @ I'-AG-groupoid for T = {1}, that is, I'-
AG-groupoid is the generalization of 4G-groupoid. Also
Sis a ['-4G"-groupoid because x1(ylz)= yl(x1z)
forall x,y,zeS.

Example 4: Let S be an AG-groupoid and T = {I}.
Define a mapping SxI'xS§ —>S§ by xly=xy for all
x,yeS, then we know that S is a I" -4G-groupoid.
Let L be a left ideal of an AG-groupoid S, then

STL=SLc L. Thus L is I' -left ideal of S. This

shows that every I -left ideal of I"-AG-groupoid is a
generalization of a left ideal in an AG-groupoid ( for
suitable I"). Similarly all the fuzzy I -ideals are the
generalizations of fuzzy ideals.

By keeping the generalization, the proof of Lemma
1 and Theorem 1 are same as in (Nouman, 2010).

Lemma 1: Let f be a fuzzy subset of a ['-4G-
groupoid §, then So_ f=f .

Theorem 1: Let S be a ' -4G-groupoid, then the
following properties hold in S .

®  (forg)oph=(ho.g)op f for all fuzzy subsets f,
and i of S.

° (for @or (hor k)= (for h)or (gor k) for all fuzzy
subsets s o and k of S.

Theorem 2: Let Sbe a ['-AG™ -groupoid, then the
following properties hold in S .

(@) for(gorh)=gop(foph) for all fuzzy subsets
f.gandhof S

(i1) (fo. g)or (hopk)=(ko.h)yo, (go. f) Tfor all fuzzy
subsets f,g,h and k of S.

Proof:
(i) Assume that x is an arbitrary element of a I'-AG™

I ox

expressible as a product of two elements in S
then (for (gor h))(x) =0= (gor (for h))(x)

Let there exists ¥ and z in S such that x = yaz,

-groupoid S and let ¢, peT is not

then by using (3), we have:

((f"r g)°r (hor k))(x) =V {(f"r g)(Y)/\(hor k)(z)}

x=yaz

x=yaz | y=pfy z=up

v () Aglg) Ahu) Ak}

x=(ppg)e(up)
= v kb g ()}

x=(vAu)a(qip)

v { v KO ARWIA {g(q)Af(p)}}
x=man | m=vpu n=qp

= v ko )M A(gop 1))}

x=man

=((ker Wor (gor N)).

= v { v V(D rg@in {h<u)Ak<v>}}

If Zzis not expressible as a product of two
elementsin S, then (for (gop W) =0=(gop (fop h))).
Hence, (f °r (g °r h))(x) = (g °r (f °r h))(x) for all xin
S.

(i) If any element x of S is not expressible as

product of two elements in S at any stage, then,
((for g)or (hor k))(x) =0= ((kor h)or (gor f))(x)
Assume that o, 8,y " and let there exists ),z
in S such that x= yaz, then by using (4), we
have:

(For g)or (hor k) = v/ {7 or @)y A lhor k)]

x=yoz

v { v (rg@in v {h(u)Ak(v)}}

w=vaz \y=pfy oo
= v (D) Ag(g) M) ARV}
x=(ppg)e(upw)

v kO AR@) A g(@) A f(P))

x=(vpu)a(qmp)

= v { v k) AR@IA {g(q)Af(p)}}

x=man | m=vpu n=qmw

v ko iYm)A(goy f)(n)}

x=man

=((kophyor (gop ))).

By keeping the generalization, the proof of the
following two lemmas is same as in Mordeson et al.
(2003).

Lemma 2: Let f be a fuzzy subset of a I -AG-
groupoid S, then the following properties hold:

e f isa fuzzy I’ -AG-subgroupoid of S if and
onlyif fo fcf

e [ isafuzzy [ -left (right) ideal of S if and only
if Sorfcf (forSc/h)

e f isafuzzy I -two-sided ideal of S if and only
if So. fc fand fo . Sc f
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Lemma 3: Let f be a fuzzy [ -4G-subgroupoid of a
I' -AG-groupoid S, then f is a fuzzy [ -bi-ideal of
S ifand only if (fo. S)o. fc f .

Lemma 4: Let f be any fuzzy [ -right ideal and g

be any fuzzy [ -left ideal of I" -4G-groupoid S, then
f g isafuzzy T -quasiideal of S .

Proof: It is easy to observe the following
(fng)or S)n(Ser (fng)c(for S)N(Ser gl f e

Lemma 5: Every fuzzy 1" -quasi ideal of a I -4G-
groupoid S is a fuzzy I" -AG-subgroupoid of S .

Proof: Let f be any fuzzy I -quasi ideal of .S , then
SorfcforS and forfeSer f,
SorfSferSNSor fcf.

Hence [ isafuzzy [ -AG-subgroupoid of S.

A fuzzy subset f ofa I -AG-groupoid S iscalled I"
-idempotent, if fo_ f=f .

therefore

Lemma 6: In a [’ -AG-groupoid S, every I'-
idempotent fuzzy I" -quasi ideal is a fuzzy I -bi-ideal
of S.

Proof: Let f beany fuzzy [ -quasi ideal of S, then
by lemma 5, f is a fuzzy [" -AG-subgroupoid. Now
by using (2), we have

(forS)op fS(SopS)er f&Sor f
And

(forS)or f=(forSor (for H=(for feor (Sor f)
c for(SerS)c for S,

This implies that (fo.S)o. fc(fopS)N(Sop f)Cf -
Hence by lemma bi-ideal, f is a fuzzy [ -bi-ideal of S

Lemma 7: In al” -AG-groupoid S each one sided
fuzzy I'- (left, right) ideal is a fuzzy I -quasi ideal of
S.

Proof: It is obvious.

Corollary 1: Ina I" -4G-groupoid S, every fuzzy I -
two- sided ideal of S is a fuzzy I -quasi ideal of .

Lemma 8: In a I" -4G-groupoid S, each one sided

fuzzy I -(left, right) ideal of S is a fuzzy I -
generalized bi-ideal of S.

Proof: Assume that f be any fuzzy I -left ideal of S.
Let a,b,c€ S and let ¢, 8 eI". Now by using (1), we
fCaab)pe) 2z f((cab)Ba)z f(a) and

f(aab)pey= f(e)- Thus f((aab)fe) = f(a) A f(c)-
Similarly in the case of fuzzy I -right ideal.

have

Lemma 9: Let for g is a I' -idempotent fuzzy I' -quasi

ideal of a T" -AG**-groupoid S, then /°r & or 8°r / is
a fuzzy I' -bi-ideal of S

Proof: Clearly f o g isa fuzzy I -AG-subgroupoid.
Now using lemma bi-ideal, (1), (4) and (2), we have:

((fer g er Syor (for g)=((Serg)er for (for g)
c((SerS)op for (forg)
=(Seor or (forg)
=(ger for (forS)
=((for S)or flerg=(for 8)

Similarly we can show that g o f is a fuzzy [ -
bi-ideal of §'.

Lemma 10: The product of two fuzzy I -left (right)
ideal of a I' -4G™ -groupoid S is a fuzzy I - left
(right) ideal of S .

Proof: Let f and g be any two fuzzy [ -left ideals
of S, then by using (3), we have:

Sor(foprg=for(Sorg)c forg

Let f and g be any two fuzzy [ -right ideals of
S, then by using (2), we have:

(for@orS=(forgeor(SorS)=(forSor(gorS)c for g

[ -FUZZIFICATION IN INTRA-REGULAR I -
AG™ -GROUPOIDS

An element @ of a I’ -AG-groupoid S is called
an intra-regular if there exists x,y € § and

B.y,Eel suchthat ¢ = (xf (a&a))yy and S is

called intra-regular if every element of S is intra-
regular.
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Note that in an intra-regular I" -AG-groupoid S ,
we can write So. §=5 .

Example 5: Let S ={1,2,3,4,5} be an AG-groupoid
with the following multiplication table:

. la b ¢ d e
ala a a a a
bla b b b b
cla b d e c
dla b ¢ d e
ela b e ¢ d

Let I={1} and define a mapping SxI'xS — § by
xly=xy for all x,yeS, then S is a [' -AG™ -
(x1y)lz =(z1y)lx and
xl(ylz) = yl(xlz) forall x,y,ze S. Also S is an intra-
regular because a = (bl(ala))la, b = (c1(b1b))1d,
c=(cl(cle)ld, d = (cl(dld))le, e=/(cl(ele))lc.

It is easy to observe that {a,b} isa I -two-sided

groupoid  because

ideal of an intra-regular I'-AG™" -groupoid S.
It is easy to observe that in an intra-regular I"-AG-
groupoid S, the following holds S = ST'S.

Lemma 11: 4 fuzzy subset f of an intra-regular I -

AG-groupoid S is a fuzzy I -right ideal if and only if it
is a fuzzy I -left ideal.

Proof: Assume that f is a fuzzy " -right ideal of S .
Since § is an intra-regular I"-AG-groupoid, so for each
a € S there exist x,yeS and S,&,y el such that
a=(xpf(aéa))yy. Now let a €I, then by using
(1), we have:

Saab) = f(xpaga))y)ab) = f(bp)a(xf(asa)) 2 [(byy) 2 f(b).

Conversely, assume that f is a fuzzy I -left ideal
of S'. Now by using (1), we have:

flaab) = [(xp(aca)y)ab) = f(by)a(xp(aga)))
> [(xB(aga)) 2 f(aa)2 f(a).

Theorem 3: Every fuzzy I -left ideal of an intra-
regular I" -4G™ -groupoid S is I -idempotent.

Proof: Assume that [ is a fuzzy [ -left ideal of S,
then clearly fo. f = So. f < f. Since S is an intra-
regular I"-AG-groupoid, so for each a € S there exist

x,yeS and B y,£eT suchthat g = (xfB(ala))yy -

Now letax €I, then by using (3) and (1) we have
a=(xp(aga))y =(af(xéa))y = (yp(xéa))ya.

Thus, we have:

(fer Na)= v {SOBGEE) A f(a)}2 f(yp(xéa)) A f(a)
a=(yp(xéa))ya

2 fla)n f(a) = f(a).

Corollary 2: Every fuzzy I" -two-sided ideal of an
intra-regular I'-4G™ -groupoid S is I -idempotent.

Theorem 4: In an intra-regular I -4G™ -groupoid S,
fNg=fo.g forevery fuzzy I" -rightideal f and
every fuzzy | -leftideal g of S.

Proof: Assume that S is intra-regular ' -AG"™ -
groupoid. Let f and g be any fuzzy I -right and

fuzzy I -left ideal of S, then

forgc forSc fand fo. g So. g < g whichimplies that fo. g fNg.

Since S is an intra-regular, so for each @ €S there
x,yeS and B &, yeT  such that
a=(xpB(aéa))yy . Now let , <, then by using (3), (1),
(5) and (4) we have:

exist

a=(xp(aga))yy = (af(xga))y = (yf(xca))ya
= ((wyv)p(xga))ya = ((ayx)p(veu))ya.

Therefore, we have:

(for g)a)= V. {f((ayx)B(véu)) A g(a)}
a=((ayx)f(véu))ya

2 f((ayx)B(veu)) A g(a)
> fa)a gla)=(fng)a).

Corollary 3: In an intra-regular [-4G " -groupoid S
fng=fo.g forevery fuzzy I"-right ideal f* and

g of S.

Theorem 5: The set of fuzzy I'-two-sided ideals of an
intra-regular I'-AG** -groupoid S forms a semilattice
structure with identity S.

Proof: Let I be the set of fuzzy I' -two-sided ideals of
an intra-regular [-AG™ -groupoid S and f, g and } < I
then clearly |1- is closed and by corollary 2 and
corollary 3, we have f=fo f andfo.g=fNg,
where f and g are fuzzy I'-two-sided ideals of S.
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Clearly fo. g=go. f and now by using (1), we get
(forgorh=(hopg)or f=for(goph) . Also by

using (1) and lemma 1, we have:
SorS=(fror flor S=(Sop o f=for f=1.

A fuzzy ' -two-sided ideal f of a I’ -AG-
groupoid S is said to be a I" -strongly irreducible if
and only if for fuzzy I -two-sided ideals g and h of
S, gnhc f implies that g < 1 or s /.

The set of fuzzy I" -two-sided ideals of a I" -AG-
groupoid S is called a I -totally ordered under
inclusion if for any fuzzy I -two-sided ideals f and
gof S either fcgorgc f .

A fuzzy I' -two-sided ideal & of a I' -AG-
groupoid S is called a I -fuzzy prime ideal of S, if
for any fuzzy I -two-sided f and g of §,
forgch ,impliesthat f chorgch .

Theorem 6: In an intra-regular I’ —AG**—groupoid S, a

fuzzy I -two-sided ideal is I -strongly irreducible if
and only if it is I -fuzzy prime.

Proof: It follows from corollary 3.

Theorem 7: Every fuzzy I -two-sided ideal of an intra-
regular F—AG**—groupoid S is I'-fuzzy prime if and

only if the set of fuzzy I -two-sided ideals of S'is I'-
totally ordered under inclusion.

Proof: It follows from corollary 3.

Theorem 8: For a fuzzy subset f of an intra-regular

I"-4G™-groupoid, the
equivalent.

following statements are

(i) f isafuzzy I"-two-sided ideal of .
(it) f isafuzzy I -interior ideal of S .

Proof: (i) = (ii): Let f be any fuzzy I -two- sided
ideal of §, then obviously f'is a fuzzy I -interior
ideal of S.

(ii)=> (i): Let f be any fuzzy I -interior ideal of
Sanda,b e S. Since Sis an intra-regular I"-AG-

groupoid, so for each g,he S there exist x, y,u,ve S
and p.&,y,6,y,nel’ such that a = (xf(aga))yy

and b= uo(byb))nyv . Now let 4 cr , thus by using
(1), (3) and (2), we have:
flaab)= f(xp(aga))w)ab) = £ (b)a(xp(ata)))

= f(b)alap(xga))= f(bya)a(yB(xa)))= f(a).

Also by using (3), (4) and (2) we have:

S(aab)= flaa(us®dyb)py)= f(usbyb)alany))= 1 (b5 wyb))alany))
= f((voa)a((uyb)nb))= f(wyb)a((va)nb))= £ (b).

Hence [ isa fuzzy I -two- sided ideal of S.

Theorem 9: A fuzzy subset f of an intra-regular I'-
AG "-groupoid is fuzzy I -two-sided ideal if and only if
itis a fuzzy I -quasi ideal.

Proof: Let f be any fuzzy I -two-sided ideal of S,
then obviously f isa fuzzy I -quasi ideal of S.
Conversely, assume that f is a fuzzy [ -quasi

ideal of S, then by using corollary 2 and (4), we have:
Sor S=(for op (Sor 8§)=(Sor 8)or (fop f)=Sor f.

Therefore, fo.S=(fo.8)N(So. f)c f - Thus f
is a fuzzy [ -right ideal of S and by lemma 11, f isa
fuzzy I -left ideal of S'.

Theorem 10: For a fuzzy subset f of an intra-regular
I' -4G™ -groupoid S, the following conditions are
equivalent.

() f isafuzzy I -bi-ideal of S.

(ii) f is a fuzzy I -generalized bi-ideal of S.

Proof: (/)= (ii): Let f be any fuzzy I" -bi-ideal of
S, then obviously f is a fuzzy I -generalized bi-ideal

of S.

(ii)= (i): Let f be any fuzzy 1" -generalized
bi-ideal of S and a,b € S. Since S is an intra-regular
I"-AG-groupoid, so for each a € S there exist x, yesS

and B,y,& el such that q = (xB(aéa))yy . Now let
a,0,eT, then by using (5), (4), (2) and (3), we have:
[flaab) = f((xp(ada))y)ab) = f(xp(ada))y(uov))ab)

= f((vBuw)y((aa)ax))ab) = f(((ada)y((vBu)ox))ab)

= f(((xy(vpu))d(aéa))ab) = f(ad((xy(vBu))éa)ab) = f(a) A f(b).

Therefore, f is a fuzzy bi-ideal of S.
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Theorem 11: For a fuzzy subset f of an intra-regular

I"'-AG™ -groupoid S, the following conditions are
equivalent.
() f isafuzzy [ -two- sided ideal of S.

(ii) f isafuzzy " -bi-ideal of .

Proof: (i)= (ii): Let f be any fuzzy [" -two- sided
ideal of S, then obviously f isa fuzzy " -bi-ideal of
S.

(i))=> (i): Let [ be any fuzzy I -bi-ideal of S.
Since § is an intra-regular I"-AG-groupoid, so for each
a,be S there exist x,yu,ves and f,&,y,6,y,nel
such that a:(xﬂ(aga))jy and b:(ua(bl//b))ﬂv . Now
let ¢ €T, then by using (1), (4), (2) and (3) we have:

flaab) = f((xBlata)p)ab) = [ (by)a(xB(ata)))
= f((@&a)m)a(ypb)) = f((yfb))(aéa))
= f((am)a(xE(ypb)) = f(xE(yBb))a)aa)
= F((EBO)Y(xBlada))w))aa)
= f(xBaa))y((xE(ypb))w))aa)
= F((BGEGPDY))y (aéa)m))aa)
= f((aa)y(YB(xE(ypb))))a)
= F(EBELP)ar))aa)
= f(ar((xE(B(eE(y b)) ya))oa)
> f(a) A f(a)= f(a).

Now by using (3), (4) and (1) we have:

flach)= flactud(byb)yp) = f(uSbyb)edam))=f (el Gybyrni))

= f(Oyb)A )= f(((Erpiyb)ob)

= A((6EpA uSbyb)¥p) o)

= A wSOYb) A6 ab)

= A6 By ob)

= F((YOA S () ¥o) ob)

= [ @) A1) ob)

= A(b (v 6:d00))P)) o)

> f{b) A f1b)=11b).

Theorem 12: Let f be a subset of an intra-regular [ -
AG""-groupoid S, then the following conditions are

equivalent.
() f isafuzzy [ -bi-ideal of S.

(ii)(fors)orf:f and Sfor f=1.

Proof: (j)= (ii): Let f be a fuzzy I -bi-ideal of an
intra-regular I"'-AG""-groupoid S . Let g € A4, then there

exists y , e s and B,y,& el such that g =(xp(aa))y -
Now let o eI, then by using (3), (1), (5), (4) and (2)
and we have:
a=(xpaga))y =(aP(xéa))y = (vB(xéa)ya = (yB(x5((xada)w))ha

= () B(x&((aB(xéa)))ha = ((@P(xGa))w)ox) fvu)ya

= (((xp)alaf(xGa))Bvu))ya = (ac(xp) B(xéa))Bvm) pya

= ((aa((xp) f(y&a))Bvi))ya = ((vea) B((xm) B(yéa)) ya)ya

= ((vaan) B((xp) BYE((xBlada) )y (uew))) ) ya

= ((vaan) () BE (O )y (ada)ex)))) pa)ya

= (vaa) B((xp) By (aga)y((vAner)) ya)aa

= ((va) B((xpm) B(aZa)s vy ((vfu)ax)))) ya)

= ((vaw) B(ada) B(xm)S vy (o)) pa)a

= ((@éa) f((vau) B(m)S vy (o)) pa)a

= ((er)Sr((vAnex)) e (vau) Blapfa) )y

= (@) (v (A ex) K (vaw))fa) ya)ya = (pya)ya

where,

P = ap(xpx)s vy ((vBu)ax)))s (vom)) fa).

Therefore,

(For e N@= \/ (o PAAS@)= \/ /(D)o S@f (@

a=(paja papa

2| @A (SN 630 ) )AS@) A f(@)
2 fl@NAfl@)=fla).

Now by using (3), (1), (5) and (4) we have:

a= (xplaga))y = (af(xga)yy = (yp(xaa)pu
= (Wp(xe((xBlaga))y (uwaw)))pa = (yp(xe((vny(aga)ax)))
= (Wp(xs((aga)y(vpune)) e = (yB(aga)s(xy (v Au)ex))) ya
= ((ag) By (xy (o)) ya = (e ((vpu)er))ay) flaga)
= (ap((xy(vpu)ox))ay)he = (afp)a

where, p = ((xy((vBu)ax))&y). Therefore:

(for S fla)= ~ 1(for S)afp) A f(a)}

a=(afip)ya

= v [\/ f(a)AS(p)]Af(a)

a=(afp)ya\ afp=afpp
= v V@nrlrf@f= v f@n f(a)
a=(afp)ya a=(afp)ya

v f@B(xy((vp)ax)ey)ya) = f(a).

a=(afp)ya

IA

Thus (f or S)op f=f. Aswe have shown that:

a=((af((xm)(yy((vBu)ax))) & (vau)) Ba)) ya)ya.
Letg = pya where

p = (af((((x)S (yy (vBu)ax))) & (vau)) fa)) ya.

Therefore,

1332



Res. J. Appl. Sci. Eng. Technol., 6(8): 1326-1334, 2013

(f or NN@) = v/ A @By (vBu)e))é(vau)) fa))a) A f(a)}

2 f@n f@n fa)=f(a).
Now by using lemma 2, we get fo. f' = f.
(ii) = (i): Assume that f is a fuzzy subset of an intra-

regular I"-AG™"-groupoid S and let B,y T, then

J(payp) = ((f or S)er NxPayy)= Ao Hxa) A f(3)}
(xpa)y=(xpa)y

2 v Y@AS@IA D)2 fALA f() = f()A f(2).

xpa=xpa

Now by using lemma 2, f is fuzzy [ -bi-ideal of S.

Theorem 13: Let f be a subset of an intra-regular [ -

AG™ -groupoid S, then the following conditions are

equivalent.

(i) f isafuzzy I -interior ideal of S .
(i) (Sop florS=T.

Proof: (i) = (ii): Let f be a fuzzy [" -bi-ideal of
an intra-regular I' -AG™" -groupoid S'. Let 4c4 , then
x,yeS and pB,y,Eel’ such that
a=(xp(ala))y -Nowlet ¢ el , then by using (3), (5),
(4) and (1) we have:

there exists

a=(xp(aga)yy =(ap(xca))y = (uav)p(xsa))yy
= ((aax) p(veu)) py = (veu)ax) fa)yy.

Therefore,

((Sop Nop SHa)= {(Sop N(véuw)ax)fa) nS(»)}
a=(((v&u)ax) fa)y

2 v {(S(vanax) A f(a)}al
((véu)ax) fa=((véu)ax) pa

>1A f(a)Al= f(a).
Now again:

(Ser NorSHa)= {(Ser NxBlaga) S}

a=(xp(ada))

= v [ S(X)Af(aéa)]AS(y)
a=(xp(ada))y \ (xp(ada))=(xp(aga))

= v Aaf@énll= flaéa)
a=(xp(aga))y a=(xp(aga))y

< v f(xBagayp) = f(a).

a=(xp(ada))y

Hence it follows that (S op oo S=f.
(if) = (i) : Assume that f is a fuzzy subset of an intra-

regular I'-AG™ -groupoid S and let B,y el » then:

f(@payp)=((Sor Nor NBayw)= y  A(Ser NxPa) ASG)}

(xpa)=(xpa)y
> v {S@Af@IASG) 2 fla).
xpa=xpa

Lemma 12: Let f be a fuzzy subset of an intra-regular
I -AG"-groupoid S, then So f= f=fo 5§ .

Proof: Let [ be a fuzzy ['-left ideal of an intra-
regular I'-AG™ -groupoid S and let 4 S, then there

existsx,ye S and g , ¢ suchthat a =(xB(aéa))y
Let & €', then by using (5), (4) and (3) we have:

a=(xp(ada)y = (xp(aga)y(uav) = (vpu)y(ada)ax) = (aca)y (vfu)ox)
= (xs(vpu))y(aaa) = ay((x$(vpu))aa).

Therefore:
(for S)a) = \V; {f(@) AS((xE(vPu))aa)}
a=ay (x&(vpu))aa)
= v {f(@) A1}
a=ay((x&(vfu))aa)
= v fl@=f(a.
a=a((x(ye))a)

The rest of the proof can be followed from lemma 1.

Theorem 14: For a fuzzy subset f of an intra-regular

I' -AG™ -groupoid S, the following conditions are
equivalent.

(i) f isafuzzy I'-leftideal of S.

(ii) f isafuzzy I -rightideal of S

(iii) f isafuzzy [ -two-sided ideal of S
(iv) f isafuzzy [ -bi-ideal of S.

(v) f isafuzzy I -generalized bi- ideal of S'.
(vi) f isafuzzy I -interior ideal of S .

(vii) f isafuzzy ' -quasiideal of S.

(viii) So. f=f=fo.8S.

Proof: (i) = (viii): It follows from lemma 12.
(viii) = (vii) : It is obvious.

(vii) = (vi): Let f bea fuzzy I -quasiideal of an
intra-regular I'-AG™"-groupoid S'and let a € S, then
there exists b,ceS and g,y e such that
a=(bp(ata))yc. Let 6,n €l , then by using (3),
(4) and (1), we have:

(xoa)ny = (xé(bp(aga))ye)ny = (bf(aga))d(xyc))ny
= ((cpx)é((aga)yb))ny = ((aga)d((cfx)yb))ny
= (yo((cpx)yb)n(aca) = an((yo((cpx)yb))sa)

and from above:
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(x8a)ny = (y6 (cfx)yb)n(aga) = (ada)y((cfx)rb)sy)
= (((Cepx)yb)éy)da)na.

Now by using lemma 12, we have:

SF(xaa)ny) = ((f o )N (S o fH)(xda)y)
= (f or S)(xda)ny) A (S o ) (xda)ry).

Now:
(f or S)((x0a)y) = (‘&,)mrzum\"/&w)w {f(@) A S;(y8(cpr)m))a)} 2 f(a)
And
(Sor N@sm)= vy ASW(cpOm))E) A f(@))2 f(a).

(xa)m=((((ex)b)y)a)a

This implies that f((xda)ny) = f(a) and

therefore f is a fuzzy [ -interior ideal of S.

(vi) = (v): It follows from theorems 8, 11 and 10.
(v)= (iv): It follows from theorem 10.

(iv) = (iii) : Tt follows from theorem 11.

(iii) = (i7) : Itis obvious and (ji) = (i) can be followed
from lemma 11.

CONCLUSION

In this study we introduced I -ideals in I'- AG-
groupouds. We showed that I'-AG-groupoids satisfy
all the laws that is, gamma left invertive law, gamma

medial and gamma paramedical laws. Moreover we
introduced gamma intra-regular AG-groupoids and
characterized gamma ideals. In our future we will focus
on some new characterizations of gamma AG-
groupoids.
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