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Decay of Temperature Fluctuations in Dusty Fluid Homogeneous Turbulence Prior
to The Final Period
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Abstract: Using Deissler’s method we have studied the decay of temperature fluctuations in dusty fluid
homogeneous turbulence before the final period and have considered correlations between fluctuating quantities at
two- and three- point. The equations for two and three point correlation in presence of dust particles is obtained and
the set of equations is made to determinate by neglecting the forth order correlation in comparison to the second and
third order correlations. For solving the correlation equations are converted to spectral form by taking their Fourier
transform. Finally integrating the energy spectrum over all wave numbers, the energy decay law of temperature
fluctuations in homogeneous turbulence before the final period in presence of dust particle is obtained.
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INTRODUCTION

Interest in motion of dusty viscous fluid has
developed rapidly in recent years. Such situations occur
in movement of dust-laden air, in problems of
fluidization, in the use of dust in gas cooling system
and in sedimentation problem in tidal rivers.

Taylor (1935) has been pointed out that the
equation of motion of turbulence relates the pressure
gradient and the acceleration of the fluid particles and
the mean-square acceleration can be determined from
the observation of the diffusion of marked fluid
particles. The behavior of dust particles in a turbulent
flow depends on the concentration of the particles and
the size of the particles with respect to the scale of
turbulent fluid. Saffman (1962) derived an equation that
describes the motion of a fluid containing small dust
particle, which is applicable to laminar flows as well as
turbulent flow. Kishore and Sarker (1990) studied the
rate of change of vorticity covariance in MHD turbulent
flow of dusty incompressible fluid. Also Rahman
(2010) studied the Rate of change of vorticity
covariance in MHD turbulent flow of dusty fluid in a
rotating system. Kishore and Sinha (1988) also studied
the rate of change of vorticity covariance of dusty fluid
turbulence. Corrsin (1951b) had made an analytical
attack on the problem of turbulent temperature
fluctuations using the approaches employed in the
statistical theory of turbulence. His results pertain to the
final period of decay and for the case of appreciable
convective effects, to the “energy” spectral from in
specific wave- number ranges.

Deissler (1958, 1960) developed a theory for
homogeneous turbulence, which was valid for times
before the final period. Following Deissler’s theory

Loeffler et al. (1961) studied the decay of temperature
fluctuations in homogeneous turbulence before the final
period. Sarker and Azad (2006), Azad and Sarker
(2006, 2008, 2009) and Azad et al. (2006), also studied
the decay of temperature fluctuations in homogeneous
and MHD dusty fluid turbulence. Azad et al. (2012)
studied transport equatoin for the joint distribution
function of velocity, temperature and concentration in
convective tubulent flow in presence of dust particles.
Bkar et al. (2012) considered first-order reactant in
homogeneou dusty fluid turbulence prior to the ultimate
phase of decay for four-point correlation in a rotating
system. Molla et al. (2012) studied the decay of
temperature fluctuation in homogeneous turbulenc
before the final period in a Rotating System. Sarker
et al. (2012) measured Homogeneous dusty fluid
turbulence in a first order reactant for the case of multi
Point and multi time prior to the final period of decay.

They had considered dust particles and Coriolis
force in their won works. In their study, they considered
two- and three -point correlations and neglecting
fourth- and higher-order correlation terms compared to
the second- and third-order correlation terms. Sinha
(1988) had considered the effect of dust particles on the
acceleration of ordinary turbulence. Kishore and Singh
(1984) had studied the statistical theory of decay
process of homogeneous hydro- magnetic turbulence.
Dixit and Upadhyay (1989a) also had deliberated the
effect of coriolis force on acceleration covariance in
MHD turbulent dusty flow with rotational symmetry.
Kishore and Golsefied (1988) considered the effect of
Coriolis force on acceleration covariance in MHD
turbulent flow of a dusty incompressible fluid. They
had also considered dust particle in their won study.
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In the present study, by analyzing the above
theories we have studied the decay of temperature
fluctuations in homogeneous turbulence prior to the
final period in presence of dust particle considering the
correlations between fluctuating quantities at two- and
three- point and single time. In solving the problem, it
seems logical to use the approach which has already
been employed with success for studying turbulence. In
this study, Deissler’s method is used to solving the
problem. Through the study we have obtained the
energy decay law of temperature fluctuations in
homogeneous dusty fluid turbulence prior to the final
period. In this result, it is shown that the energy decays
more rapidly than clean fluid.

CORRELATION AND SPECTRAL EQUATIONS
For an incompressible fluid with constant

properties and for negligible frictional heating, the
energy equation may be written at the point P:

7] 7
a &) p, ()
where,
= Instantaneous values of temperature
i; = Instantaneous velocity
p = Fluid density
C, = Heat capacity at constant pressure
k = Thermal conductivity
X; = Space co-ordinate
t = Time

Separate these instantaneous values into time
average and fluctuating components as 7 =7 +7 and

u, =u, +u, Eq. (1) may be written

oarer._or ar o or| | or or )
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where,

From the case of homogeneity it follows that
or o and in addition the usual assumption is made

aTci =
that T is independent of time and that u, =0; Thus Eq.
(2) simplifies to:

or aor|_v|e'r 3)
oy, ——|=—
a o | P |axex,
where, P = K’ Prandtl number, Vv = Kinematic
Viscosity.
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Eq. (3) holds at the arbitrary point P. For the point
P the corresponding equation can be written:

or', or]_v[ o (4)
ot ' ox] P, | Ox]0x]

Multiplying Eq. (3) by T, Eq. (4) by T and taking
time average and adding the two equations gives

orT’ orT'  ,oIT'| v |&*Tr 8*TT %)
+u, +u] =— +
o ox, a | P loxer, orex
The continuity equation is:
Ou,; _ Ou; _ 0 (6)

Ox . ox'

i i

Substitution of Eq. (6) into (5) yields:

orT'  ouTT' ouTT' v |[o°TT'
+u, =
Ot Ox; OX; P | Ox,0x,

i i

2t
. o°1T (7)
Ox; Ox;

By use of a new independent variable:

oTT' ou,TT' | ouTT’ v OTT’
ot or, or,

i

P,_ arl.arl. (8)

This equation is converted into spectral form by
use of the following three dimensional Fourier
transforms:

TT'(F) = Icrr’( A) exp [z( A f)] dK

)

aTTG)- [dee () exolk7) ak

b (10)

And by interchanging P and p:

WIT'(7)=u,TT'(~ 7)
()= [ger (- R )expli( )] ak

i (11)
u,T'(F) = :[C(ﬁ,TI(_ K )exp [’( ':) dK (11a)
WT () = [ 6 (& )ep (8 #)] ak

E (11b)
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Substitution of Eq. (9-11b) into Eq. (8) leads to the
spectral equation:

), k) a2 R) o)

Equation (12) is analogous to the two point spectral
equation governing the decay of velocity fluctuations
and therefore the quantity tt' (k) may be interpreted as a
temperature fluctuation “energy” contribution of
thermal eddies of size 1/k. Eq. (12) expresses the time
derivative of this “energy” as a function of the
convective transfer to other wave numbers and the
“dissipation” due to the action of thermal conductivity.
The second term on the left hand side of Eq. (12) is the
so called transfer to term while the term on the right
hand side is “dissipation” term.

Three points correlation and spectral equations: In
order to obtain single time and three point correlation

and spectral equation we consider three points P, P’

and P” with position vectors 7 and 7' are considered.

P”

P.

7 P

For the two points P’ and P"we can write a

relation according to Eq. (7):
arT") » aw/T'T") . ow/TT") v
ot o] ox; P, | oxox]

i

o (T'T") . o (T'T”)
ox!'ox]

(13)

Eq. (13) multiplied through by u, the j-th velocity
fluctuation component at point. Then the equation can
be written in a rotating system at the point P:

) duurt) ) {62(14/T’T”) o, T’T”)} ou,
+u, + + +TT"
o o] al P

P| oo e o

(14)
The momentum equation at point P, in presence of
dust particles:

ou, ouu, o’u,
u1+ (u»,u,):_l 6P+V U, +f(u.—V~)
ot Ox;, P axj 0x,0x;, ! !
ou. Oluw u 0%u .
= (u’u')— Lop ry +fu;=v))
ot Ox,  pox;  Owox T (15)

Here,
u; = Turbulent velocity component
v; = Dust velocity component

f-= kN (Dimension of frequency)

Yo,
N, constant number density of dust particle

Substituted Eq. (15) into Eq. (14) the result on
taking time averages is:

a{ulT'T”)w dupurr) dupurT) V{az{ulT'T") . EﬂulT'T”)}

o o a P| aad | adar
6iululT'T”')_ ! a(W)ﬂ/az(mL fuTT —vTT
&  p oo axay T (16)

Making use of the relations r=x—x and r'=x'-x

1

allows Eq. (16) can be written as:

9(W)_V{(I+Pr)52(“f 'T')+2Py GZ(W)Jr(HPF)aZ(W)}:
a aror, i ar ar;

»

~ du/u,' T")_ dujufT"T') B(u/u,.T'T") uj.u,.T'T')

4 4+
T T

5 o | a | a
NTT) \erT),
p o p o

(17)
Six-dimensional Fourier transforms for quantities
this equation may be defined as:

T = | [ 5,00 expli(R -7+ &-7)ak ak
LA (18)

T = [ [ 5,500 extfi(§-7-+ K7k ai
LA (19)

o7 - [ [0 exfilic -7+ &7 Jak ak
i (20)

VT = [ [7,00 expli(R -7+ Rk a (200

—00—00

Interchanging the points P' and P" shows that:

“A/”;T"T':”A/“;T'T”: T]?,ﬁ},ﬁ,-'ﬂﬂ'ex;{i(k'fwtk'%')]d]%dk
o (20b)

Using Eq. (18-20b) into Eq. (17) then the
transformed equation can be written as:
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oA ;‘; 0 )+ Pl{ (1+P ) + 2P k! +(1+P k"> — f} B0 =
—i(k +k)B BOC +i(k +k,)
BROT+ ik, +k)ab@ - 7,00

P (21)

If the derivative with respect to x is taken of the
momentum Eq. (16) for point P and taking time average
the resulting equation is:

82<uju,.T'T")_
Ox; Ox, -

10p77)
p Ox; 0Ox, (22)

~!

In terms of the displacement vectors 7 and 7
this becomes:

{ 82 92 92

——+2— + w,u,T'T"
or; or; or;or, 0Or; or,

1[ a2 FE 92
+

-— ——+ 2 — + PT'T"
or; or or;or, Or;or,

(23)

Taking the Fourier transform of Eq. (23) and then

solving for 6’0" we get:

—plk k] + 2k k, +k k| —

A T +kk]ﬂfﬂ"‘9'9

24

Eq. (24) can be used to eliminate ¢¢'¢9" from Eq. (21):

Solution for times before the final period: To obtain
the equation for final period of decay the third-order
fluctuation terms are neglected compared to the second-
order terms. Analogously, it would be anticipated that
for times before but sufficiently near to the final period
the fourth-order fluctuation terms should be negligible
in comparison with the third-order terms. If this
assumption is made then Eq. (24) shows that the term
af'9" associated with the pressure fluctuations, should
also be neglected. Thus Eq. (21) simplifies to:

dﬂﬂﬁ) ;{1+P)k2+2Pkk' +{1+P K2 - p’f}ﬁﬂﬂ’ o
S, R and S are

where, R ﬁ/_g’a" = ;//_9’9" and 1-R =

arbitrary constant.
Inner multiplication of Eq. (25) by k and
integrating between t, and t gives:

kB0
-

[t 507] exil "
[(1+P)k2 +2P k! cosE+(1+P K2 — L f }(t—to)
(26)

v

Now, letting »' =0 in equation (18) and comparing
the result with the equation (10) shows that

k ¢ (R)= [k BOCRR dk
e (27)
Substituting of Eq. (26) and (27) into Eq. (12), we
obtain:
orr'|\K) 2v ,—(s) %,
Py +Fk2 T (K): Ilki

(707 gl Kol 1)
i) (4P )i +£7)

X expy—
P |+2Pkk cosg——fs

(28)

Now, dK' (= dk|dk} dk}) can be expressed in terms
of k" and & as (Deissler, 1958):

dK' =27 k™ d(cos &) dk’ (29

Substituting Eq. (29) into (28) yields:

ok %{2
a
j V(t*to 2,72 ' P, ,
o Joxn -0 (14PN +52)+22 kk cost ——" /i (dfcoss) | dk
(30)

In order to find the solutions completely and
following Loeffler ef al. (1961), we assume that:

(& ):2121';;/(,. (ool k) gool-ki))

%

W(kzkm 7k4kr2) (3 1)

[ goo(k &)~ poot-k—k)| =

where O, constant depending on the initial condition.

The negative sign is placed in front of J,in order to
make the transfer of energy from small to large wave
no. for positive value of 50 . Substituting Eq. (31) into
Eq. (30):

orr'|K 21/ ) _ 4 ”
ok (k)= 25jkk — k%)
h V(t 7t0) 2 2 r
x| [exp —T[(HP, Ji> + &%)+ 2P k! cog =" fv} d(cosé) | dk’

(32)
Multiplying both sides of Eq. (32) by f*> and
defining the spectral energy function:

E =27k 77(R) (322)
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and the resulting equation is:

O Wirp_y
o B (33a)
where

w:—ZéE]T(ksz _k4k!2)k2k!2
0
1

V(t_to) 2,0 , s
) jex%—R{(HR_)(k +k?)+ 2Pk K cosé . sz »
“d(cosé)

Integrating Eq. (33a) w.r.to £, we have:

o)

)y

x[exP{V(Pto (1+ R_)(kz + kvz)fzpl_kk’f% fs} H

%

w el

{ex;{—‘/(’l:’“{(un Y2+ 42)+ 2p k2 fs} H &
> v

Again integrating Eq. (33b) w.r.to k' we have

J(k}kl5 kSk'3)

k3k/5 Skv3

(33b)

_ almm a\F P { At }
1+P
ex l{ku(l+2RXtt0)}
R(1+P)
12K ® 3|k [ Bk

~,J(1+B) [(14B] 2Jule—1) [(1+B) (1+P,

X +|: +|: }(8}
= ( ( I
The Eq. (33) indicates that w must begin as k* for

small k. The condition of w is fulfilled by the Eq. (34).
It can be shown, using Eq. (34) that:

dek =0
¢ (35)

It was to be expected physically since w is a
measure of the transfer of “energy” and the total energy
transferred to all wave numbers must be zero.

The necessity for Eq. (35) to hold can be shown as
follows if Eq. (10) is written for both k and -k and

resulting equations differentiated with respect to 7; and
added, the result is, for:

Eng. Technol., 6(8): 1490-1496, 2013

= W[ki[ ¢iTT'iI€ ) ¢,.Tr'i—1€ ﬂ
- (33)
Since according to the Eq. (32), (33) and (12),
w=2rx ikzk‘,[(ﬁ[n’(_[%)_ ¢,-TT'(1€)J so the Eq. (35) can

= & _ 2
72iu,‘[’r':'|'7w ar 3 dK =4rk dk for
ax, I

= w(k,¢) then the Eq. (35) becomes dek:iﬁ—o
a

be written as

0
The linear Eq. (33) can be solved for w as:

20k (-
P,

t(,)}fw exp[Quk;(’t—tu)}dprJ(k) exp{ L} (36)

E =exp| -
| .

where, J(k) is an arbitrary function of k.
For large times, Corrsin (1951b) has shown the
correct form of the expression for E to be:

e

where N, is an constant which depends on the initial

20k (t-1,)
P

»

&kze
V4

E=
(37)

conditions. Using Eq. (37) to evaluate J(k) in Eq. (36)
yields:
(k)= K2 (38)
T

Now, substituting the values of w and J(k) as given
by the Eq. (34) and (38) into Eq. (36) gives the

equation.
—kPu(1+2P )t -1,)

3P.k*

50JZ

202 (1+P)

N, &

T

20k (t-1,)
P

r

}

P.(7P, - 6)k*
30(1+P )t —¢ )3
L& (3p?

3(1+P)z P2

Elk,1)= —explfslt—1,) |

20%(t 1, )%
43P 2P, + 3)k
3(1+P, )2(1‘—1‘0)2

-2p, +3)k9

BT ot
y —k2o(1+2P,)(t-1,)
exp P.(1+P,)

3Pk

4p2 (1+P )
P, (7P, ~6)k°  4(3P2 2P, +3)*

30+P Pt ):

202 (—1, ) 30(+P Yi— to)%
8((3132—213 +3)k

3(1+P)2 P2

(39)
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where,

n o,
71]2J'e* dx
0

F(p)=e (40)

_ v (t -1, (41)
n=k \VP.(0+P,)
Putting 7 =0 in Eq. (9) and we use the definition
of E given by the equation (39), the result is:

T TE(k)dk (42)
2 2
Substituting Eq. (39) into (42) gives:
— 3
T’ N, (P.): SR
L _ 0 (E,)Z 3 n 6([0_[ )5 exp[fs] (43)
8 J2r)or(t-1,) UV

T2 Al — 1,2 + Bexp i< (t—1,)"

where,
3
oo (P,)zz’ B=2506R
4 (272') 2 v
and
a7 { 9 5P(7R,—6) 35B(3P*-2P +3)

—+
16 16(1+2P.) 8(1+2p )

2(1+P,)(1+2P,)§

+1.5422R(3Pf—2P,+3)(1+2P,)% [H 2 (11)----- [11+2(n71)]}
J@ ) = 2n+ )t )" (14 (a4)

R is a function of Prandtl no.

Eq. (43) is the decay law of temperature fluctuation
in homogeneous turbulence in presence of dust particle
prior to the ultimate period. The first term of the right
side of Eq. (43) corresponds to the temperature energy
for two-point correlation and the second terms
represents the energy for the three -point correlation.
This second term becomes negligible at large times
leaving the final period decay law previously found by

Corrsin (1951b). T? is the total “energy” (the mean
square of the temperature fluctuations).

RESULTS AND DISCUSSION
Loeffler et al. (1961) derived the following

equation of the decay of temperature fluctuations in
homogeneous turbulence before the final period:

7 N, ,_OR (45)

2 g @) i-r, ) V)

=4 (t—to)_% +B(t—t,)"
Here,

In their study, they considered two- and three-point
correlations and neglecting fourth- and higher-order
correlation terms compared to the second- and third-
order correlation terms.

Following Loeffler et al. (1961), Molla et al.
(2012) studied the decay of temperature fluctuation in
homogeneous turbulenc before the final period in a
Rotating System and derivrd the following equation:

— 3
2

TR TSN
8 /2R 02 (1 -1, o't —1,)

=T2= At -1, )’% + Bexpl-26,,Q, |x (-1,

In their study they had considered corriolis force.

In the present study, I have studied the decay of
temperature fluctuations in homogeneous turbulence
prior to the final period taking dust particle and
considered the correlations between fluctuating
quantities at two- and three- point and single time. In
this study, I have used Deissler’s (1958) method to
solving the problem. Through the study we have
obtained the following energy decay law of temperature
fluctuations in homogeneous dusty fluid turbulence
prior to the final period. In this result, it is shown that
the energy decays more rapidly than clean fluid.

TN, (1;.)5 " 650_Rt ; expl ] (47)
s J2nvie-r ) VT

T Ai—1,) 2 + Bexpl ]x(t—1,)

In the absence of the dust particle, i.e. f =0, then
the Eq. (47) becomes
e (48)

> N, (B)v > Y
2

=4 (z—zo)’g +B(t—1,)°

Same as Eq. (45) which was obtained earlier by
Loeffler et al. (1961).

Due to the effect of dust particle in homogeneous
turbulence, the temperature energy decays more rapidly
then the energy for clean fluid prior to the ultimate
period. For large times, the second term in the Eq. (47)
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becomes negligible leaving the -3/2 power decay law
for the ultimate period.
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